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PREFACE 



TO 



i THE SECOND EDITION. 



I HATE added seyeral new ehapters in this Edition, 
^ particularly on the Sqaare Root, Proportion, and Per- 

\>^ mutations and Combinations, with many occasional 

articles, principally intended to give such ideas on the 
subject of Algebra as a young arithmetical student may 
be able, with a little assistance, to comprehend. I 
have also added six or seyen Examples to each Rule, 
accompanied by the answers. These would be enough 
for any single pupil, but may not be considered suffi- 
cient for a school. To obviate this objection) I proceed 
to collect some expeditious modes of forming questions, 
of which the answers shall be readily known. I am 
aware that the publication of these methods, in a 
preface equally open to the master and the learner, is 
something like calling the enemy to council ; never- 
theless, as the following abbreviations all contain some 
mathematical principle, and as some facility of com- 
putation will be necessary even to make use of them, 
the master may depend upon it that a pupil who dis- 
coyers and applies the way to make the answer to any 
one rule, is fit to pass on to the next. 
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Addition. — Let a series of numbers be taken, each 
of which is the complement to 10" of the prececfing. 
Strike out one or more, and arrange the rest miscel- 
laneously. It will be evident how to ascertain whether 
these have been added up correctly. Many arrange- 
ments may be made for recollecting which numbers 
were struck out : for example, their complements may 
be made to begin with a given figure, and to be the 
only ones which begin with that figure. 

Another method, preferable perhaps to the former, 
is the following : Let any series of numbers be taken, 
such as a, 6, e, &c. each of which exceeds the following; 
let the master form a — J, 6 — c, c — rf, &c. and give 
the results to the pupil to add together, annexing to 
them the last number which he used. The answer 
will be o, which number cannot possibly be recovered 
by the pupil from the data^ except by the very operation 
which he is required to perform. The continued sub- 
tractions may be done by one pupil, and the addition 
made by another; and thus the process may afford 
examples in the first two rules. 

Subtraction. — In addition to the method just ex- 
plained, the following may be used : Instead of giving 
one number to be subtracted from another once only, 
let it be required to subtract the first time after time 
from the second, until it can no longer be subtracted, 
as in the examples of article 46. This being, in point 
of fact, a question of division, may be proved by casting 
out the nines, and this after any number of steps^ using 
the number of subtractions performed as the quotient. 
Or questions might be formed thus: Subtract 1259 
from 12690, until this can no longer be done; or, 
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multiplication by 25, 6, or 9, being very expeditiously 
done, the minuend might be 25 j;, 6 x, or 9 or, and the 
subtrahend x. 

Multiplication and Division. — For these a table of 
squares and cubes is amply sufficient. The most useful 
of the kind is " Barlow's Tables/' which gives at one 
glance the square and cube, square and cube roots, 
fiictors, and reciprocal of any number under 10,000. 
From such a table, many thousands of examples in 
multiplication and division may be derived imme- 
diately, with the answers^ and many hundreds of 
thousands more may be obtained from the formula, 

where a and b are both even, or both odd. 

Greatest Common Measure^ and Least Common Mul- 
tiple. — In " Barlow's Tables" is given a list of all prime 
numbers under 100,000. The multiplication of any 
two of these by the same number, will give a question 
in the first rule, with its answer. For the second rule, 
take any low prime numbers a, 6, c, dy &c. and mul- 
tiply one or more of them by each of the low prime 
numbers e,y, ^, &c. Then will abcdy &c. x efg^ &c. 
be the least common multiple of the products above 
mentioned. All that has been said on the first four 
rules, applies equally to Common and Decimal Frac- 
tions. In the former case, with a table of squares, the 
formula 

a+6 "• a— 6 a«— 6* 

will be convenient. 

What has been said on Addition and Subtraction 
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may also be applied when the quantities are compound, 
particularly where the examples are snms of money. 
The verification will be rendered more easy in the 
latter case, if the rule or table in article 221 be used 
by the master. A Ready Reckoner, or Table of 
Interest, will furnish examples in multiplication or 
division^ in a manner too obyious to require any 
further notice. 

In multiplication, different sums, making together 
£10 or £100, &c. may be given to two pupils to be 
multiplied by the same number. One result may be 
made to verify the other, and the answer, in this and 
all other cases,* should be recorded for future use. 

Since the publication of the First Edition of this 
work, though its sale has sufficiently convinced me that 
there exists a disposition to introduce the principles of 
arithmetic into schools, as well as the practice, I have 
often heard it remarked that it was a hard book for 
children. I never dared to suppose it would be other- 
wise. All who have been engaged in the education 
of youth are aware that it is a hard thing to make 
them think ; so hard, indeed, that masters had, within 
the last few years, almost universally abandoned 

* The greatest difficulty which an arithmetical master finds, is 
that of procuring a sufficient number of examples. If he is at all 
acquainted with algebra, be will be able to propose to two pupils, 
questions of which the answers shall be simple, though not (to the 
pupil) obvious, verifications of one another. If in a school there 
were established a common book, in which the pupil who first suc- 
ceeded in solving a question should have the privilege of entering 
the answer, with his name ; besides the emulation thereby excited, a 
collection of examples would be obtained for future use, which would 
entirely do away with all anxiety on this subject. 
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the attempt, and taught them rules instead of prin- 
ciples ; by authority instead of demonstration. This 
system is now passing away, and many preceptors 
may be found who are of opinion that^ whatever may 
he the additional trouble to themselves, their pupils 
should always be induced to reflect upon^ and know 
the reason of, what they are doing. Such I would 
advise not to be discouraged by the failure of a first 
attempt to make the learner understand the principle 
of a rule. It is no exaggeration to say, that under 
the present system, five years of a boy's life are 
partially spent in merely learning the rules contained 
in this treatise, and those, for the most part, in so 
imperfect a way, that he is not fit to encounter any 
question unless he sees the head of the book under 
which it falls. On a very moderate computation of 
the time thus bestowed, the pupil would be in no re- 
spect worse off, though he spent five hours on every 
page of this work. The method of proceeding which 
I should recommend^ would be as follows : Let the 
pupils be taught in classes, the master explaining the 
article as it stands in the work. Let the former then 
try the demonstration on some other numbers proposed 
by the master, which should be as simple as possible. 
The very words of the book may be used, the figures 
being changed, and it will rarely be found that a 
learner is capable of making the proper alterations, 
without understanding the reasoning. The experience 
of the master will suggest to him various methods of 
trying this point. When the principle has been thus 
discussed, let the rule be distinctly stated by the master 
or some of the more intelligent of the pupils, and let 
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some very simple example be worked at length. The 
pupils may then be dismissed, to try the more com- 
plicated exercises with which the work will fiirnish 
them, or any others which may be proposed. 

A. DE MORGAN. 

LondoHf 
Juli/ 30, 1832. 

*^^* This Fourth Edition differs in nothing material from 
the preceding two; and I have only further to invite the 
attention of those who are engaged in instruction to the 
reprint of " Barlow's Tables," which will speedily make its 
appearance. The utility of this work in the construction 
of examples for practice, can hardly be overstated ; and the 
specimen which will be found attached to this edition will 
enable every one to judge for himself. 

University College^ 
Oct. 18, 1839. 
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NUMERATION. 



1. Imagine* a multitude of objects of the same kind assembled 
together; for example, a company of horsemen* One of the first 
things that must strike a spectator, although unused to counting, is, 
that to each man there is a horse. Now, though men and horses are 
things perfectly unlike, yet, because there is one of the first kind to 
every one of the second, one man to every horse, a new notion will be 
formed in the mind of the obsei*ver, which we express in words, by 
saying that there is the same number of men as of horses. A savage, 
who had no other way of counting, might remember this number by 
taking a pebble for each man. Out of a method as rude as tliis has 
sprung our system of calculation, by the steps which are pointed out in 
the following articles. Suppose that there are two companies of horse* 
man, and a person wishes to know in which of them is the greater 
number, and also to be able to recollect how many there are in each. . 

2. Suppose that while the first company passes by, he drops a pebble 
into a basket for each man whom he sees. There is no connexion 
between the pebbles and the horsemen but this, that for every horseman 

B 
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there is a pebble ; that is, in eommon language, the number of pebbles 
and of horsemen is the same. Suppose that while the second company 
passes, he drops a pebble for each man into a second basket ; he will 
then have two baskets of pebbles, by which he will be able to convey 
to any other person a notion of how many horsemen there were in 
each company. Wlien he wishes to know which company was the 
larger, or contained most horsemen, he will take a pebble out of each 
basket, and put them aside. He will go on doing this as often as he 
can, that is, until one of the baskets is emptied. Then, if he also finds 
the other basket empty, he says that both companies contained the same 
number of horsemen ; if the second basket still contains some pebbles, 
he can tell by them how many more were in the second than in the 
first. 

3. In this way a savage could keep an account of any numbers in 
which he was interested. He could thus register his children, his cattle, 
or the number of summers and winters which he had seen, by means 
of pebbles, or any other small objects which could be got in large 
numbers. Something of this sort is the practice of savage nations at 
this day, and it has in some places lasted even after the invention of 
better methods of reckoning. At Rome, in the time of the republic, 
the praetor, one of the magistrates, used to go every year in great pomp, 
and drive a nail into the door of the temple of Jupiter ; a way of 
remembering the number of years which the city had been built, which 
probably took its rise bafore the introduction of writing. 

4. In process of time, names would be given to those collections of 
pebbles which are met with most frequently. But as long as small 
numbers only were required, the most convenient way of reckoning 
them would be by means of the fingers. Any person could make with 
his two hands the little calculations which would be necessary for his 
purposes, and would name all the different collections of the fingers. 
He would thus get words in his own language answering to one, two, 
three, four, five, six, seven, eight, nine, and ten. As his wants in- 
creased, he would find it necessary to give names to larger nnmbers; 
but here he would be stopped by the immense quantity of words whidi 
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Le must Lave, in order to express all the numbers wbich he would he 
obliged to make use of. He must, then, after giving a separate name 
to a few of the first numbers, manage to express all other numbers by 
means of those names. 

5. I now shew how this has been done in our own language. The 
English names of numbers have been formed from the Saxon : and in 
the following table each number after ten is written down in one 
column, while another shews its connexion with those which have pre- 
ceded it. 



One 

two 

three 

four 

five 

six 

seven 

eight 

nine 

ten 



eleven one left • 
twelve two left 
thirteen ten and three 
fourteen ten and four 
fifteen ten and five 
sixteen ten and six 
seventeen ten and seven 
eighteen ten and eight 
nineteen ten and nine 
twenty two tens 
twenty-one two tens and one 
twenty-two two tens and two 
&c. &c. &c. &c. 

thirty three tens 
&c. &c. 

forty four tens 
&c. &c. 

fifty five tens 
sixty six tens 
seventy seven tens 
eighty eight tens 
ninety nine tens 
a hundred ten tens 



* Meaning one left after tea 19 token, or ten and one. 
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ti hundred and one ten tens and one 

« thousand ten hundreds 
ten thousand 
a hundred thousand 

a million ten hundred thousand 

or one thousand thousand 
ten millions 
a hundred millions 
&c. 

6. Words, written down In ordinary language, would very soon be 
too long for such continual repetition as takes place in calculation. 

Short signs would then be substituted for words ; but it would be im« 

possible to have a distinct sign for every number : so that when some 

few signs had been chosen, it would be convenient to invent others 

for the rest out of those already made. The signs which we use are 

as follow : 

o 12345^789 

nothing one two three four five six seven eight nine 

I now proceed to explain the way in which these signs are made to 
represent other numbers. 

7. Suppose a man, first, to hold up one finger, then two, and so 
on, until he has held up every finger, and suppose a number of men 
to do the same thing. It is plain that we may thus distinguish one 
number from another, by causing two different sets of persons to hold 
up each a certain number of fingers, and that we may do this in many 
different ways. For example, the number fifteen might be indicated 
eithei by fifteen men each holding up one finger, or by four men each 
holding up two fingers and a fifth holding up seven, and so on. The 
question is, of all these contrivances for expressing the number, which 
is the most convenient ? In the choice which is made for this purpose 
consists what is called the method of numeration. 

8. I have used the foregoing explanation because it is very probable 
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that our system of numeration, and almost every other tvhicli is used 
in the world, sprung from the practice of redconing on the fingers, 
which children usually follow when first they begin to count. The 
method which I have described is the rudest possible ; but, by a little 
alteration, a system may be formed which will enable us to express 
enormous numbers with great ease. 

9. Suppose that you are going to count some large number, for 
example, to measure a number of yards of cloth. Opposite to yourself 
suppose a man to be placed, who keeps his eye upon you, and holds up 
a finger for every yard which he sees you measure. When ten yards 
have been measured he will have held up ten fingers, and will not be 
able to count any further unless he begin again, holding up one finger at 
the eleventh yard, two at the twelfth, and so on. But to know how 
many have been counted, you must know, not only how many fingers 
he holds up, but also how many times he has begun again. You may 
keep this in view by placing another man on the right of the former, 

^ who directs his eye towards his companion, and holds up one finger the 
moment he perceives him ready to begin again, that is, as soon as ten 
yards have been measured. Each finger of the first man stands only for 
one yard, but each finger of the second stands for as many as all the 
fingers of the first together, that is, for ten. In this way a hundred 
may be counted, because the first may now reckon his ten fingers once 
for each finger of the second man, that is, ten times, in all, and ten tens 
is one hundred (5).* Now place a third man at the right of the second, 
who shall hold up a finger whenever he perceives the second ready to 
begin again. One finger of the third man counts as many as all the 
ten fingers of the second, that is, counts one hundred. In this way we 
may proceed until the third has all his fingers extended, which will 
signify that ten hundred or one thousand have been counted (5). A 
fourth man would enable us to count as far as ten thousand, a fifth 
as far as one hundred thousand, a sixth as far as a million, and 
80 on. 

10. Each new person placed himself towards your left in the rank 

* The references are to the preceding articles. 

b2 
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opposite to yon. 'Sow rale a number of columns, as below, and to the 
right of them all place in words the number which you wish to repre- 
sent; in the Brst column on the right, place the number of fingers 
which the first man will be holding up when that number of yards has 
been measured. In the next column, place the fingers which the second 
man will then be holding up ; and so on* 
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fifty-seven. 

one hundred and four. 

one hundred and ten. 

two thousand three hundred and forty- 
eight. 

fifteen thousand nine hundred and six. 

one hundred and eighty-seven thousand 
and four. 

three million, six hundred and ninety, 
seven thousand, two hundred and 
eighty. five. 



11. In I. the number fifty-seven is expressed. This means (5) five 
tens and seven. The first has therefore counted all his fingers five 
times, and has counted seven fingers more. This is shewn by five 
fingers of the second man being held up, and seven of the first. In II. 
the number one hundred and four is represented. This number is (6) 
ten tens and four. The second person has therefore just reckoned all 
his fingers once, which is denoted by the third person holding up one 
finger ; but he has not yet begun again, because he does not hold up 
a finger until the first has counted ten, of which ten only four are 
completed. Wlien all this last-mentioned ten have been counted, he 
then holds up one finger, and the first being ready to begin again, has 
no fingers extended, and the number obtained is eleven tens, or ten 
tens and one ten, or one hundred and ten. This is the case in III. 
You will now find no difficulty with the other numbers in the table. 

12. In all these numbers a figure in the first column stands for 
only as many yards as are written under that figure in (6). A figure 
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in tbe second column stfinds, not for as many yards^ but for as many 
tens of yards : a figure in the third cohimn stands for as many hundreds 
of yards; in the fourth column for as many thousands of yards ; and so 
on : that is, if we suppose a figure to move from any column to the one 
on its left, it stands for ten times as many yards as before* Recollect 
this, and you may cease to dratnr the lines between the columns, because 
each figure will be sufiSciently well known by the place in which it is ; 
that is, by the number of figures which come upon the right hand of it. 

13. It is important to recollect that this way of writing numbers, 
which has become so familiar as to seem the natural method, is not 
more natural than any other. For example, we might agree to signify 
one ten by the figure of one with an accent, thus, i' ; twenty or two 
tens by 2' ; and so on : one hundred or ten tens by 1'^ ; two hundred 
by 2^' ; one thousand by i''' ; and so on : putting Roman figures for 
accents when they become too many to write with convenience. The 
fourth number in the table would then be Avritten 2'" 3" 4' 8, which 
might also be expressed by 8 4' 3" 2"', 4' 8 3" 2'" ; or the order of the 
figures might be changed in any way, because their meaning depends 
npon the accents which are attached to them, and not upon the place 
in which they stand. Hence, a cipher would never be necessary; for 
104 would be distinguished from 14 by writing for the first 1'%^ and for 
the 8ec(md i'4. The common method is preferred, not because it is 
more exact than this, but because it is more simple. 

14. The distinction between our method of numeration and that 
of the ancients, is in the meaning of each figure depending partly upon 
the place in which it stands. Thus, in <^4/]/f4 each four stands for four 
of something ; but in the first column on the right it signifies only four 
of the pebbles which are counted ; in the seeond, it means four collec- 
tions of ten pebbles each ; in the third, four of one hundred each ; 
and so on, 

15. The things measured in (11) were yards of cloth. In this case 
one yard of cloth is called the unit* The first figure on the right is 
said to be in the units* place^ because it only stands for so many units 
Bs are in the number that is written under it in (6). The second 
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figure is said to be in the tens* place, because it stands for a number 
of tens of units. The third, fourth, and fifth figures are in the places 
of the hundreds^ thtmsands^ and tens of thousands^ for a similar reason. 

16. If the quantity measured had been acres of land, an acre of 
land would have been called the unit^ for the unit is one of the things 
which are measured. Quantities are of two sorts ; those which contain 
an exact number of units, as 47 yards, and those which do not, as 47 
yards and a half. Of these, for the present, we only consider the first. 

17. In most parts of arithmetic, all quantities must have the same 
unit. You cannot say that 2 yards and 3 feet make 5 yards or 5 feet^ 
because 2 and 3 make 5 ; yet you may say that 2 yards and 3 yards 
make 5 yards, and that 2 feet and 3 feet make 5 feet* It would be 
absurd to try to measure a quantity of one kind with a unit which is a 
quantity of another kind ; for example, to attempt to tell how many 
yards there are in a gallon, or how many bushels of corn there are in a 
barrel of wine. 

18. All things which are true of some numbers of one unit are true 
of the same numbers of any other unit. Thus, 15 pebbles and 7 pebbles 
together make 22 pebbles ; 15 acres and 7 acres together make 22 acres, 
and so on. From this we come to say that 15 and 7 make 22, meaning 
that 15 things of the same kind, and 7 more of the same kind as the 
first, together make 22 of that kind, whether the kind mentioned be 
pebbles, horsemen, acres of land, or any other. For these it is but 
necessary to say, once for all, that 15 and 7 make 22. Therefore, in 
future, on this part of the subject I shall cease to talk of any particular 
units, such as pebbles or acres, and speak of numbers only. 

19. I will now repeat the principal things which have been men- 
tioned in this chapter. 

I. Ten signs are used^ one to stand for nothing, the rest, for the 
first nine numbers. They are o, i, 2, 3, 4, 5^ 6, 7, 8, 9. The first of 
these is called a cipher* 

II. Higher numbers have not signs for themselves^ but are signified 
by placing the signs already mentioned by the side of each other, and 
agreeing that the first figure on the right hand shall keep the value 
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vliich it has when it stands alone ; that the second on the right hand 
shall mean ten times as many as it does when it stands alone ; that the 
third figure shall mean one hundred times as many as it does when it 
stands alone ; the fourth, one thousand times as many ; and so on. 

III. The right hand figure is said to be in the units* place ^ the 
next to that in the tens* place, the third in the hundreds* place, and 
to on. 

IV. When a number is itself an exact number of tens, hundreds, 
or thousands, &&, as many ciphers must be placed on the right of it as 
will bring the number into the place which is intendied for it. The 
following are examples : 

Fifty, or five tens, 50 : seven hundred, 700. 
Five hundred and twenty-eight thousand, 528000. 

If it were not for the ciphers, these numbers would be mistaken for 
5, 7, and 528. 

y. A cipher in the middle of a number becomes necessary when any 
one of the denominations, units, tens, &c. is wanting. Thus, twenty 
thousand and six is 20006, two hundred and six is 206. Ciphers might 
be placed at the beginning of a number, but they would have no 
meaning. Thus 026 is the same as 26, since the cipher merely shews 
that there are no hundreds, which is evident from the number itself. 

20. If we take out of a number, as 16785, any of those figures which 
come together, as 67, and ask, what does this sixty- seven mean ? of 
what is it sixty-seven ? the answer is, sixty-seven of the same collections 
as the 7, when it was in the number ; that is, 67 hundreds. For the 
6 is 6 thousands, or 6 ten hundreds, or sixty hundreds ; which, with 
the 7, or 7 hundreds, is 67 hundreds : similarly, the 678 is 678 tens. 
This number may then be expressed either as 

I ten-thousand 6 thousands 7 hundreds 8 tens and 5 
or 16 thousands 78 tens and 5, or i ten thousand 678 tens and 5 ; , 
or 167 hundreds 8 tens and 5, or 1678 tens and 5, and so on. 
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21. EXERCISES. 

I. Write down the signs for 

Four hundred and seventy-six ; two thousand and ninety-seven ; sixty- 
four thousand three hundred and fifty ; two millions seven hundred and 
four ; five hundred and seventy-eight millions of millions. 

II. Write at full length 53, 1805, 1830, 66707, 180917324, 66713721, 
90976390, 25000000. 

III. What alteration takes place in a number made up entirely of 
nines, such as 999999 by adding one to it ? 

IV. Shew that a number which has five figures in it must be greater 
than one which has four, though the first have none but small figures in 
it, and the second none but large ones. For example, that loiii is 
greater than 9879.. 

22. You now see that the convenience of our method of numeration 

arises from a few simple signs being made to change their value as they 

change the column in which they are placed. The same advantage 

arises from counting in a similar way all the articles which are used 

in every-day life. For example, we count money by dividing it into 

pounds, shillings, and pence, of which a shilling is 12 pence, and a 

pound 20 shillings, or 240 pence. We write a number of pounds, 

shillings, and pence in three columns, generally placing a point between 

each column. Thus, 263 pence would not be written as 263, but as 

£1 . I . II, where £ shews that the i in the first column is a pound. 

Here is a system of numeration in which a number in the second column 

on the right means 12 times as much as the same number in the first ; 

and one in the third column is twenty times as great as the same in the 

second, or 240 times as great as the same in the first. In each of the 

tables of measures which you will hereafter meet with, you will see a 

separate system of numeration, but the methods of calculation for all 

will be the same. 

23. In order to make the language of arithmetic shorter, some other 
signs are used. They are as follow : 

I. 15 + 38 means that 38 is to be added to 15, and is the same thing 
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as 53* ^^^B ^^ ^^0 '^'"^ 0^ ^5 '^Q^ 3^} ^^^ ^* ^^^ fifteen plus thirty, 
eight. 

II. 64—12 means that 12 is to be taken away from 64, and is tlie 
same thing as 52. This is the difference of 64 and 12, and is read sixty- 
four fninus twelve. 

III. 9x8 means that 9 is to be taken S times, and is the same thing 
as 72. This is the product of 9 and 8, and is read nine into eight. 

IV. -7- means that 108 is to be divided by 6, or that you must 
find out how many sixes there are in 108 ; and is the same thing as i8« 
This is the quotient of 108 and 6 ; and is read a hundred and eight 
In/ six. 

y. When two numbers, or collections of numbers, with the fore- 
going signs, are the same, the sign » is put between them. Thus, 
that 7 and 5 make 12, is written in this way, 7 + 5 » 12. This is called 
an equation^ and is read, seven plus five equals twelve. It is plain that 
we may construct as many equations as we please. Thus : 

7 + 9—3 = 12 +1; 1 + 3x2=* II, and so on. 

2 

24. It often becomes necessary to speak of something which is true, 

not of any one number only, but of all numbers. For example, take 

10 and 7; their sum* is 17, their difference is 3. If this sum and 

difference be added together, we get 20, which is twice the greater of 

the two numbers first chosen. If from 17 we take 3, we get 14, which 

is twice the less of the two numbers. The same thing will be found to 

hold good of any two numbers, which gives this general proposition,^— 

If the sum and difference of two numbers be added together, the result 

is twice the greater of the two ; if the difference be taken from the sum, 

the result is twice the lesser of the two. If, then, we take any numbers, 

and call them the first number and the second number, and let the first 

number be the greater ; we have then, 

(ist No. + 2d No.) + (ist No. — 2d No.) = twice ist No. 

(ist No. + 2d No.) — (ist No.— 2d No.) *« twice 2d No. 

• Any little computationB which Occur in the rest of this section may be made on 
the fingers, or with counters. 
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The brackets here enclose the thing^s which must be first done, 
before the signs which join the brackets are made use of. Thus, 
8— (2 + i) >( (i + i) signifies that 2+1 must be taken i + x times, and 
the product must be subtracted from 8. la the same manner, auy 
result made from two or more numbers, which is true whatever numbers 
are taken, may be represented by using first No., second No., &c., to 
stand for them, and by the signs in (23). But this may be much 
shortened ; for as first No., second No., &c., may mean any numbers, 
the letters a and b may be used instead of these words ; and it must 
now be recollected that a and h stand for two numbers, provided only 
that a is greater than b. liCt twice a be represented by 2 a, and twice 
^ by 2 ^. The equations then become 

(a + 6) + (a— 6) = 2a, and (a + b)—{a—b) = 26. 
This may be explained still further, as follows : 

25. Suppose a number of sealed packets, marked a, 5, c, dy &c., on 
the outside, each of which contains a distinct but unknown number 
of counters. As long as we do not know how many counters each 
contains, we can make the letter which belongs to each stand for its 
number, so as to talk of the number a, instead of the number in the 
packet marked a. And because we do not know the numbers, it does 
not therefore follow that we know nothing whatever about them ; for 
there are some connexions which exist between all numbers, which we 
call general properties of numbers. For example, take any number, 
multiply it by itself, and subtract one from the result ; and then sub« 
tract one from the number itself. The first of these will always contain 
the second exactly as many times as the originial number increased by 
one. Take the number 6 ; this multiplied by itself is 36, which dimi« 
nished by one is 35: again, 6 diminished by t Is 5; and 35 contains 
5, 7 times, that is, 6+1 times. This will be found to be true of any 
number, and, when proved, may be said to be true of the number con« 
tained in the packet marked a, or of the number a. If we represent a | 

multiplied by itself by a a,* we have by (23) 

* This should be (23) a-x.a, but the sign x is unnecessary here. It is used with 
numbers, as in 2x7« to prevent confounding this, which is 14, with 27. 
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aa—i 



■> a+x. 



26. When, therefore, we wish to talk of a number without specify- 
ing any one in particular, we use a letter to represent it. Thus: 
suppose we wish to reason upon what will follow from dividing a 
number into thr^ parts, without considering what the number is, or 
what are the parts into which it is divided. Let a stand for the 
number, and b, c, and </, for the parts into which it is divided. Then, 

by our supposition, 

a ^ b + e + d. 

On this we can reason and produce results which do not belong to any 
particular number, but are true of alL Thus, if one part be taken away 
from the number, the other two will remain, or 

If each part be doubled, the whole number will be doubled, or 

2 a = 2b + zc + 2d. 

If we diminish one of the parts, as ei, by a number «, we diminish the 
whole number just as much, or 

This method of reasoning on the general properties of numbers, 
belongs to the science of Algebra. 



27. 



EXERCISES. 



Whht iaa + 2b — c, where a «= la, ft = i8, o ^ 7 ?— ^nsw^r, 41. 

What is 7—, where a » 6 and 5 — a ?,^Ans, 8. 

a — 6 

What is the difference between (ci-^b){c+d) and a + ft c + <f, for the 
following values of a, ft, c, and d $ 



a 


ft 


c 


d 


Ans. 


1 


2 


3 


4 


10 


2 


12 


7 


I 


»5 


I 


Z 


X 


I 


I 
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SECTION II. 



ADDITION AND SUBTRACTION. 



28. There is no process in arithmetic which does not consist entirely 
in the increase or diminution of numbers. There is then nothing which 
might not he done with collections of pebbles. Probably, at first, either 
these or the fingers were used. Our word calculation is derived from 
the Latin word calculus, which means a pebble. Shorter ways of 
counting have been invented, by which many calculations, which would 
require long and tedious reckoning, if pebbles were used, are made at 
once with very little trouble. The four great methods are, Addition, 
Subtraction, Multiplication, and Division ; of which, the last two are 
only ways of doing several of the first and second at once. 

29. M'hen one number is increased by another, the number which 
is as large as both the others together is called their sum. The process 
of finding the sum of two or more numbers is called Addition, 
and, as was said before, is denoted by placing a cross ( + ) between the 
numbers which are to be added together. 

Suppose it required to find the sum of 1834 and 2799. In order to 
add these numbers, take them to pieces, dividing each into its units, 
tenSj hundreds^ and thousands : 

1834 is I thous. 8 hund. 3 tens and 4; 
2799 is 2 thous. 7 hund. 9 tens and 9. 

Each number is thus broken up into four parts. If to each part of 
the first you add the part of the second which is under it, and then put 
together what you get from these additions, you will have added 1834 and 
2799. I^ ^^^ fii'st number are 4 units, and in the second 9 : these will, 
when the numbers are added together, contribute 13 units to the sum. 
Again, the 3 tens in the first and the 9 tens in the second will contri- 
bute 12 tens to the sum. The 8 hundreds in the first and the 7 hundreds 
in the second will add 15 hundreds to the sum; and the thousand in 
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the first with the a thousands in the second will contribute 3 thousands 
to the sum ; therefore the sum required is 

3 thousands, 15 hundreds, 12 tens, and 13 units. 

To, simplify this result, you must recollect that—. 

13 units are i ten and 3 units, 

12 tens are i hund. and 2 tens 

15 hund. are i thous. and 5 hund. 
3 thous. are 3 thous. 

Now collect the numbers on the right-hand side together, as was 
done before, and this will give, as the sum of 1834 and 2799, 

4 thousands, 6 hundreds, 3 tens, and 3 units, which (19) is written 
4^33- 

30. The former process, written with the signs of (23) is as follows : 

1834 as I X 1000 + 8 X 100 + 3 X ID + 4 
2799 =: 2 X looo + 7 X 100 + 9 X 10 + 9 

Therefore, 

1834 + 2799 = 3 »< 1000 + 15 K 100 + 12 X 10 + 13 
But 13 =« I X 10 + 3 

12 X 10 =a IX 100 + 2 X 10 

15 X IOC =s I X 1000 + 5 X 100 
3 X 1000 « 3 X 1000 Therefore, 
1834 + 2799 « 4X 1000 + 6x100+ 3x10+ 3 

= 4^33- 

31. The same process is to be followed in all cases, but not at the 
same length. In order to be able to go through it,- you must know 
how to add together the simple numbers. This can only be done by 
memory ; and to help the memory you should make the following table 
three or four times for yourself: 
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I 


2 


3 


4 


5 


6 


7 


8 


9 


I 


2 


3 


4 


5 


6 


7 


8 


9 


lO 


2 


3 


4 


5 


6 


7 


8 


9 


lO 

II 


II 


3 


4 


5 


6 


7 


8 


9 


lO 


12 


4 


5 


6 


7 


8 


9 


lO 


II 


12 


13 


5 


6 


7 


8 


9 


lO 


II 


12 


13 


H 


6 


7 


8 


9 


lO 


II 


12 


13 


H 


IS 


7 


8 


9 


lO 


II 


12 


13 


H 


IS 


i6 


8 


9 


lO 


II 


12 


13 


H 


IS 


i6 


17 


9 


lO 


II 


12 


13 


14 


IS 


i6 


17 


i8 



The use of this table is as follows : Suppose you want to find the 
sum of 8 and 7. Look in the left-hand column for either of them ; 
8, for example, and look in the top column for 7. On the same line 
as 8, and underneath 7, you find 15^ their sum. 

32. When this table has been thoroughly committed to memory, so 
that yon can tell at once the sum of any two numbers, neither of whicti 
exceeds 9, you should exercise yourself in adding and subtracting two 
numbers, one of which is greater than 9 and the other less. You should 
write down a great number of such sentences as the following, which 
will exercise you at the same time in addition, and in the use of the 
signs mentioned in (23). 

12 + 6 B 18 22 + 6 I- 28 

54 + 9-163 56 + 7*63 

100—9 ■■ 91 27—8 = 19 

33. When the last two articles lia^e been thoroughly studied, yoa 
will be able to find the sum of any numbers by the following process, 
which is the same as that in (29). 

Rule I. Place the numbers under one another, units under units, 
tens under tens, and so on. 

II. Add together the units of all, and part the whole number thus 



19 + 8 « 27 
22 + 8 « 30 
44—6 B 38, &c. 
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obtained into units and tens. Thus, if 85 is the nnmljer, part it into 
8 tens and 5 units; if 136 be the number, part it into 13 tens and 
6 unite (20). 

III. Write down the units of this number under the units of the 
rest, and keep in memory the number of tens. 

IV. Add together all the numbers in the column of tens, remember- 
ing to take in (or carry, as it is called,) the tens which you were told to 
recollect in III., and divide this number of tens into tens and hundreds. 
Thus, if 335 tens is the number obtained, part this into 33 hundreds 
and 5 tens. 

V. Place the number of tens under the tens, and remember the 
number of hundreds. 

VI. Proceed in this way through every column, and at the last 
column, instead of separating the number you obtain into two parts, 
write it all down before the rest. 

Example. — ^What is 

1805 + 36 + 19727 + 3 + 1474 + 2008 

1805 The addition of the units' line, or 8 + 4+3 + 7 + 6 + 5, gives 

36 33, that is, 3 tens and 3 units. Put 3 in the units' place, and 

19727 add together the line of tens, taking in at the beginning the 

3 3 tens which were created by the addition of the unit»' line. 

1474 That is, find 3 + 0+7 + 2+3 + 0, which gives 1 5 for the number 

2008 of tens ; that is, i hundred and 5 tens. Add the line of huu- 

25053 dreds together, taking care to add the i hundred which arose 

in the addition of the line of tens ; that is, find 1 + + 4 + 7 + 8, which 

gives exactly 20 hundreds, or 2 thousands and no hundreds. Put a 

cipher in the hundreds' place (because, if you do not, the next figure 

will be taken for hundreds instead of thousands), and add the figures in 

the thousands' line together, remembering the 2 thousands which arose 

from the hundreds* line ; that is, find 2 + 2+1 + 9+ i, which gives 

z 5 thousands, or i ten thousand and 5 thousand. Write 5 under the 

line of thousands, and collect the figures in the line of tens of thousands, 

remembering the ten thousand which arose out of the thousands' line ; 

C2 
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that is, find x + 1 or 2 ten thoasands. Write i aoder the ten thousands' 
line^ and the operation is completed. 

34. As an exercise in addition, you may satisfy yourself that what I 
BO^ say of the following square is correct. The numbers in every row, 
whether reckoned upright, or from right to left, or from comer to 
comer, when added together give the number 24x56. 



2016 
252 

2448 

684 
2880 

IZI6 

3312 
1548 

3744 
1980 

4176 


4212 
2052 

288 
2484 

720 
2916 
1152 

3348 
1584 
3780 
1620 


1656 
4248 
2088 

324 
2520 

756 
2952 

1188 

3384 
1224 

3816 


3852 
1692 
4284 
2124 
360 
2556 

792 
2988 

828 
3420 
1260 


1296 
3888 
1728 
4320 
2160 
396 
2592 

43» 

3024 

864 
3456 


349a 
1332 

3924 


936 
3528 
X368 


3132 
972 


576 
3168 


2772 
612 
2808 
1044 
3240 
1476 
3672 
1908 
4104 
2340 
180 


216 
2412 

648 
284^ 
1080 
3276 
1512 
3708 
1944. 

4140 
2376 


3564 
1404 

3600 

1836 

4032 

2268 

108 
2700 

540 


1008 
3204 
1440 
3636 
1872 
4068 
2304 
144 
2736 


1764 

4356 
2196 

36 
2628 

468 
3060 

900 


3960 
1800 

3996 
2232 

72 

2664 

504 

3096 



35* If two numbers must be added together, it will not alter the 
sum, if you take away a part of one, provided you put on as much to 
the other. It is plain that you will not alter the whole number of a 
collection of pebbles in two baskets by taking any number out of one, 
and putting them into the other. Thus, 15 -I- 7 is the same as i2-f 10, 
since 12 is 3 less than 15, and 10 is three more than 7. This was the 
principle upon which the whole of the process in (29) was conducted. 

36. Let a and b stand for two numbers, as in (24). It is impossible 
to tell what their sum will be until the numbers themselves are known. 
In the meanwhile a + b stands for this sum. To say, in algebraical 
language, that the sum of a and b is not altered by adding to a, pro- 
vided we take away c from 5, we have the following equation : 

(a-ho) + (6— c) =»rt + 6 
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which may be written without brackets, thus 

a + e + b^e — a + 6. 

For the meaning of these two equations will appear to be the same, on 
consideration. 

37* If a be taken twice, three times, &c. the results are represented 
in algebra by 2 a, 3 a, 4 a, &c. The sum of any two of this series may 
be expressed in a shorter form than by writing the sig^ + between 
them ; for though we do not know what number a stands for, we know 
that, be it what it may, 20 + 20 « 4a, 30 + 20 » 5a, 40 + 90 « 130; 
and generally, if o taken m times be added to a taken n times, the result 
is a taken m-^n times, or 

ma-^na » (m-\-n)a» 

38. The use of the brackets must here be noticed. They mean, 
that the expression contained inside them must be used exactly as a 
single letter would be used in the same place. Thus, p a signifies that 
a is taken p times, and (m + n) a, that o is taken m + n times. It is, 
therefore, a different thing from m + na<, which means that o, after 
being taken n times, is added to nu Thus (3 + 4) )< 2 is 7 x 2 or 14 ; 
while 3 +4 X 2 is 3 + 8, or 11. 

39. When one number is taken away from another, the number 
which is left is called the difference or remainder. The process of 
finding the difference is called subtraction. The number which is 
to be taken away is of course the lesser of the two. , 

40. The process of subtraction depends upon these two principles. 

I. The difference of two numbers is not altered by adding a number 
to the first, if you add the same number to the second ; or by sub- 
tracting a number from the first, if you subtract the same number from 
the second. Conceive two baskets with pebbles in them, in the first of 
which are 100 pebbles more than in the second. If I put 50 more 
pebbles into each of them, there are still only 100 more in the first than 
in the second, and the same if I take 50 from each. Therefore, in 
finding the difference of two numbers, if it should be con7enient, I 
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may add any number I please to both of them, because, though I alter 
the numbers themselves by so doing, I do not alter their difference. 

II. Since 6 exceeds 4 by 2, 
and 3 exceeds 2 by i, 
and 12 exceeds 5 by 7, 

6, 3, and 12 together, or 21, exceed 4, 2, and 5 together, or 11, by 2, 
i^ and 7 together, or 10: the same thing may be said of any other 
numbers. 

41. If a, h, and be three numbers, of which a is greater than b 
(40), I. leads to the following. 

(a + c)— (6 + c) -a— ft 

Again, if c be less than a and b 

(a— c)— (ft— c) « a—b 

The brackets cannot be here removed as in (36). That is, p— (9— r) 
is not the same thing as p—q—r. For, in the first, the difference of q 
and r is subtracted from p ; but in the second, first q and then r are 
subtracted from p, which is the same as subtracting as much as q and r 
together, or ^ + r. Therefore/)— y—r is p^{q + r). In order to shew 
how to remove the brackets from p—{q—r) without altering the value 
of the result, let us take the simple instance 12 — (8 — 5). If We 
subtract 8 from 12, or form 12—8, we subtract too much ; because it is 
not 8 which is to be taken away, but as much of 8 as Is left after 
diminishing it by 5. In forming 12—8 we have therefore subtracted 
5 too much. This must be set right by adding 5 to the result, which 
gives 12 — 8 + s for the value of 12— (8— 5). The same reasoning 
applies to every case, and we have therefore 

p-{q + r)^p-q-r 
p-{^'-r)^p-q + r. 

By the same kind of reasoning 

a—{b-^o—d—e) « a—b—c + d+e 
20 + 36— (a— 26) = 20+36—0 + 26 ■■0 + 56 
4ar+y— (174?— 9y) = 4«+y— i7« + 9y « 10^—13* 
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42. I want to find the difference of the numbers 57762 and 34631. 
Take tliese to pieces as in (20) and 

57762 is 5 ten-th. 7 th« 7 hand. 6 tens and « units, 
34631 is 3 ten-th. 4 th. 6 hund. 3 tens and z unit. 

Now 2 units exceed i unit by i unit, 

6 tens 3 tens 3 tens, 

7 hundreds 6 hundreds i hundred, 

7 thousands 4 thousands 3 thousands, 

5 ten- thousands 3 ten-thous 2 ten- thous. 

Therefore, by (40, Principle II.) all the first column together exceeds 
all the second column by all the third column, that is, by 

2 ten-th. 3 th. i hund. 3 tens, and i unit, 

which is 23 13 1. Therefore the difference of 57762 and 34631 is 
23131, or 57762—34631 = 23131. 

43. Suppose I want to find the difference between 61274 ^^^ 39628. 
Write them at lengthy and 

61274 ^s 6 ten-th. i th. 2 hund. 7 tens and 4 units, 
2^628 is 3 ten-th. 9 tht 6 hund. 2 tens and 8 units. 

If we attempt to do the same as in the last article, there is a diffi- 
culty immediately, since 8, being greater than 4, cannot be taken from 
it. But from (40) it appears that we shall not alter the difference of 
two numbers if we add the same number to both of them. Add ten to 
the first number, that is, let there be 14 units instead of four, and add 
ten also to the second number, but instead of adding ten to the number 
of units, add one to the number of tens, which is the same thing. The 
numbers will then stand thus, 

6 ten-thous. 1 thous. 2 hund. 7 tens and 14 unitSy* 
3 ten-thous. 9 thous. 6 hund. 3 tens and 8 units. 

You now see that the units and tens in the lower can be subtracted 
from those in the upper line, but that the hundreds cannot. To remedy 
this, add one thousand or 10 hundred to both numbers, which will not 

* Those numbers which have been altered are put In italics. 
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alter their difference^ and remember to increase the hundreds in the 
upper line by lo, and the thousands in the lower Ifne by i, which are 
the same things. And since the thousands in the lower cannot be 
subtracted from the thousands in the upper line, add i ten thousand 
or lo thousand to both numbers, and increase the thousands in the 
upper line by lo, and the ten thousands in the lower line by i,. which 
are the same things; and at the close, the numbers which we get 
will be 

6 ten-thous. ii thotu. 12 hund. 7 tens and 14 uniiSf 
4 ten-thous. 10 thotts, 6 hund. 3 tens and 8 units. 

These numbers are not, it is true, the same as those given at the 
beginning of this article, but their difference is the same by (40). 
With the last-mentioned numbers proceed in the same way as in (42), 
which will give, as their difference, 

2 ten-thous. i thous. 6 hund/ 4 tens, and 6 units, which is 21646. 

44. From this we deduce the following rules for subtraction : 

I. Write the number which is to be subtracted (which is of course 
the lesser of the two, and is called the subtrahend) under the othor, «o 
that its units shall fall under the units of the other, and so on. 

II. Subtract each figure of the lower line from the one above it, if 
that can be done. Where that cannot be done, add ten to the upper 
figure, and then subtract the lower figure, but recollect in this case 
always to increase, the next figure in the lower line by i, before you 
begin to subtract it from the upper one. 

43. If there should not be as many figures in the lower line as in 
the upper one, proceed as if there were as many ciphers at the begin- 
ning of the lower line as will make the number of figures equal. You 
do not alter a number by placing ciphers at the beginning of it. For 
example, 00818 is the same number as 818, for it means 

o ten-thous. o thous. 8 bunds, i ten and 8 units ; 

the two first numbers are nothing, and the rest is 

8 hundreds, i ten, and 8 units, or 818. 
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The second does not differ from the first, except in it's being said that 
there are no thousands and no tens of thousands in the number, which 
may be known without their being mentioned at all. You may ask, 
perhaps, why this does not apply to a cipher placed in the middle of a 
number, or at the right pf it, as, for example, in 28007 and 39700 ? 
But you must recollect, that if it were not for the two ciphers in the 
first, the 8 would be taken for 8 tens, instead of 8 thousands ; and if it 
were not for the ciphers in the second, the 7 would be taken for 7 units, 
instead of 7 hundreds. 

46. EXAMPLE. 

What is the difference between 3708291640030174 

and 308 I 3649276 I 88 



Difference 3677477990753986 

EXERCISES. 

I. What is 18337 + 149263200—6472902? — Answer 142808635. 
What is 1000—464+3279—646 ? — Answer 3169. 

II. Subtract 

64 + 76+144—18 from 33— 2+ 100037.— .^»«w^r 99802. 

III. What shorter rule might be made for subtraction when all the 
figures in the upper line are ciphers except the first ? for example, 

in finding 

10000000—2731634. 

ly. Find 18362 + 2469 and 18362—2469, add the second result 
to the first, and then subtract 18362 ; subtract the second from the 
first, and then subtract 2469. — Answer, 18362 and 2469. 

V. There are four places on the same line in the order a, b, c, 
and D. From a to d it is 1463 miles ; from a to c it is 728 miles ; 
and from b to D it is 13 17 miles. How far is it from a to b, from b 
to c, and from c to d ^-^ Answer. From a to b 146, from b to c 582, 
and from c to d 735 miles. 

VI. In the following table subtract b from a, and b from the 
remainder, and so on until B can be no longer subtracted. Find how 
many times b can be subtracted from a, and what is the last remainder. 
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A 

23604 

209961 

747" 
4802469 

18849747 

987654321 



Na of tiiBM. Remainder. 



9999 

37173 
6792 

654321 

3141592 

123456789 



2 

5 

II 

7 
6 

8 



3606 



24096 

o 

222222 

19s 
9 



SECTION III. 

MULTIPLICATION. 

47. I have said tliat all questions in arithmetic require nothing 
but addition and subtraction. I do not mean by this that no rule 
should ever be used except those given in the last section, but that all 
other rules only shew shorter ways of finding what might be found, 
if we pleased, by the methods there deduced. Even the last two rules 
themselves are only short and convenient ways of doing what may be 
done with a number of pebbles or counters. 

48. I want to know the sum of five seventeens, or I ask the 
17 following question — There are five heaps of pebbles, and seven- 
17 teen pebbles in each heap ; how many are there in all ? Write 
17 five seventeens in a column, and make the addition, which gives 
17 85. In this case 85 is called the product of 5 and 17, and the 
17 process of finding the product is called multiplication, which 
85 is nothing more than the addition of a number of the same 
quantities. Here 17 is called the tnttUiplicand^ and 5 is called the 
multiplier, 

49. If no question harder than this were ever proposed, there would 
be no occasion for a shorter way than the one here followed. But if 
there were 1367 heaps of pebbles, and 429 in each heap, the whole 
number is then 1367 times 429, or 429 multiplied by 1367. I should 
have to write 429 1367 times, and then to make an addition of enor- 
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mous length. To avoid this, a shorter rule is necessary, which I notv 
proceed to explain. 

50. The student must first make himself acquainted with the pro- 
ducts of all numbers as far as lo times lo by means of the following 
table,* which must be committed to memory. 



I 

2 

3 

4 

5 
6 

7 


2 

4 
6 


3 
6 

9 


4 
8 

12 

16 

20 


5 
10 

15 

20 

*5 

30 

35 

40 

45 

50 

55 
60 


6 
12 
18 

24 
30 
36 
42 
48 

54 
60 

66 


7 

14 
21 

28 

35 

42 

49 
56 
63 

70 

77 


8 
16 

24 
32 
40 
48 
56 
64 
72 
80 
88 
96 


9 
18 

27 

36 

45 
54 

63 

72 

81 

90 

99 
108 


10 
20 
30 
40 

50 
60 

70 

80 

90 

100 


II 
22 

33 

44 

55 
66 

77 
88 

99 
no 


12 
24 
36 
48 
60 
72 

84 
96 

108 
120 
132 
144 


8 

lO 
12 

i6 
i8 


12 
15 


18 
21 


24 
28 


8 
9 

lO 

II 

12 


24 

27 


32 
36 


20 
22 


30 
33 


40 

44 
48 


no 
120 


121 

13a 


24 


36 


72 


84 



If from this table you wish to know what is 7 times 6, look in the 
first upright column on the left for either of them ; 6 for example. 
Proceed to the right until you come into the column marked 7 at the 
top. You there find 42, which is the product of 6 and 7. 

51. You may find, in this way, either 6 times 7, or 7 times 6, and 
for both you find 42. That is, six sevens is the same number as seven 
sixes. This may be shewn as follows : Place seven counters in a line, 
and repeat that line in all six times. The number of counters in the 
whole is 6 times 7, or six sevens, if I reckon the rows from the top to 



* As it is usual to learn the products of numbers as far as 12 times 12, I have 
extended the table thus far. In my opinion, all pupils who shew a tolerable capacity 
should slowly commit the products to memory as far as SO times 20, in the course 
of their progress through this work. 
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the bottom ; but if I connt the rows that stand 

side by side, I find seven of them, and six in 

each row, the whole number of which is 7 times 6, 

or seven sizes. And the whole number is 42, 

whichever way I count. The same method may 

be applied to any other two numbers. If the 

signs of (23) were used, it would be said that 7x6 = 6x7. 

52. To take any quantity a number of times, it will be enough to 
take every one of its parts the same number of times. Thus, a sack of 
corn will be increased fifty-fold, if each bushel which it contains be 
replaced by 50 bushels. A country will be doubled by doubling every 
acre of land, or every county, which it contains. Simple as this may 
appear, it is necessary to state it, because it is one of the principles on 
which the rule of multiplication depends. 

53. In order to multiply by any number, you may multiply separately 
by any parts into which you choose to divide that number, and add the 
results. For example, 4 and 2 make 6. To multiply 7 by 6, first mul- 
tiply 7 by 4, and then by 2, and add the products. This will give 42, 
which is the product of 7 and 6. Again, since 57 is made up of 32 and 
25, 57 times 50 is made up of 32 times 50 and 25 times 50, and so on. 
If the signs were used, these would be written thus : 

7x6 = 7x4 + 7x2 
5o><57 « 50x32 + 50x25 

54. The principles in the two last articles may be expressed thus : 
If a be made up of the parts <r, y, and z, ma is made up of mo?, my, 
and mz ; or, 

if a — X +y +z 

ma = mx+my+mz 
or, m{x+y + z) — mx ^mp + mz 

A similar result may be obtained if a, instead of being made up of 
X, y, and «, is made by combined additions, and subtractions, such as 
^+y_-;yj jp^y^z, x—y—z, &c. To thkc the first as an instance, 
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let a e* « + y — «• 

Then ma » mx-^mp^mg. 

For, if a had been »-^y,ma would have been mx ^ mp. But since a 
is less than « + y by s, too much liy s has been repeated every time 
that jr + y has been repeated ; — that is, tn x too much has been taken : 
consequently, ma is not mx-i-my, but mjr + my — mv. Similar 
reasoning may be applied to other cases, and the following results may 
be obtained. 

fii(a + 6 + c — rf) '^ma-k-mb-^-mo — md 



a{a-~b) = aa —ab 

b{a-b) =fta-6i 

3 (2 a— 46) « 6 a — 126 



70(7 + 26) -«49a+i4a6 
(aa + a-f])a f^ aaa + aa + a 
(306—20)4060"* i2aa66o— 8a6co 

55. There is another way in which two numbers may be multiplied 

together. Since 8 is 4 times 2, 7 times 8 may be made by multiplying 

7 and 4, and then multiplying that product by 2. To shew this, place 

7 counters in a line, and repeat that line in all 8 times, as in figures T. 

and II. 

II. 

I. 



The number of counters in all is 8 times 7, or 56. But (as in 
fig. I.) enclose each four rows in oblong figures, such as a and b. The 
number in each oblong is 4 times 7, or 28, and there are two of those 
oblongs ; so that iu the whole the number of counters is twice 28, or 
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28 X 2^ or 7 first multiplied by 4, and that product multiplied by 2. 
In figure II., it is shewn that 7 multiplied by 8, is also 7 first multiplied 
by 2y and that product multiplied by 4. The same method may be 
applied to other numbers. Thus, since 80 is 8 times 10, 256 times 80 
is 256 multiplied by 8, and that product multiplied by 10. If we use 
the signs, the foregoing assertions are made thus : 

7 X 8 » 7x4x2 B 7x2x4 ' 
256 X 80 B 256 X 8 X 10 » 256 X 10 X 8 

EXERCISES. 

Shew that 2x3x4x5 » 2x4x3x5 a 5x4x2x3, &c. 
Shew that 18 x. 100 » 18 x 57 + 18 x 43. 

56. Articles (51) and (65) maybe expressed in the following way, 
where by a 6 we mean a taken 5 times ; by a 6 0, a taken b times, and 
the result taken e times. 

ab s^ ba 

a be » acb « bea » bao^ &c. 
abo » ax(Jbc) = bx(jea) « ey.(ab). 

If we would say that the same results are produced by multiplying 
by b, e, and d, one after the other, and by the product bod at once, 
we write the following : 

axb^oxd a ax bod. 

The fact is, that if any numbers are to be multiplied together, the 

product of any two or more may be formed, and substituted instead of 

those two, or more; thus, the product abode/ may be formed by 

multiplying 

ab ode f 

abf de 

abo def &c. 

57* In order to multiply by 10, annex a cipher to the right hand of 
the multiplicand. Tims, 10 times 2356 is 23560. To shew this, write 
2356 at length, which is 

2 thousands, 3 hundreds, 5 tens, and 6 units. 
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Take each of thete parU ten times, which, by (§2), is the same as 
multiplying the whole number by lo, and it will then become 

2 tens of thou. 3 tens of hun. 5 tens of tens, and 6 tens, 
which is 2 ten- thou. 3 thous. 5 hun. and 6 tens. 

This must be written 23560, because 6 is not to be 6 units, but 6 
tens. Therefore 2356 x 10 « 23560. 

In the same way you may shew, that in order to multiply by 100 
you must affix two ciphers to the riglit ; to multiply by 1000 you must 
affix three ciphers, and so on. The rule will be best caught from the 
following table. 

13 X 10= 130 142 X 1000 a 142000 

13 X 100 = 1300 23700 X 10 aa 237000 
13 X 1000 ss 13000 3040 X 1000 s 3040000 

13 X loooo — 130000 lOOOO X lOOOOO » lOCOOOOOOO 

58. I now shew how to multiply by one of the numbers, 2, 3, 4, 5, 

6, 7, 8, or 9. I do not include i, because multiplying by i, or taking 

the number once, is what is meant by simply writing down the number. 

I want to multiply 1368 by 8. Write the first number at full length, 

which is 

I thousand, 3 hundreds, 6 tens, and 8 units. 

To multiply this by 8, multiply each of these parts by 8 (50) and 
(52), which will give 

8 thousands, 24 hundreds, 48 tens, and 64 units. 

Now 64 units are written thus 64 

48 tens 480 

24 hundreds 2400 

8 thousands 8000 

Add these together, which gives 10944 as the product of 1368 and 8, or 
1368 X 8 = 10944. By working a few examples in this way you will 
see the following nile. 

59. I. Multiply the first figure of the multiplicand by the multiplier, 
write down the units* figure, and reserve the tens. 

II. Do the same with the second figure of the multiplicand, and 

d2 



/ 



30 PRINCIPLES OF ARITHMETIC. 

add to the product the number of tens from the first ; put down the 
units* figure of this, and reserve the tens. 

III. Proceed in this way till you come to the last figure, and then 
write down the whole number obtained from that figure. 

IV. If there be a cipher in the multiplicand, treat it as if it were a 
number, observing that oxi =o, 0x2 = 0, &c. 

60. In a similar way a number can be multiplied by a figure which 
is accompanied by ciphers, as, for example, 8000. For 8000 is 8 x 1000, 
and therefore (55) you must first multiply by 8 and then by 1000, 
which last operation (57) is done by placing 3 ciphers on the right. 
Hence, the rule in this case is — Multiply by the simple number, and 
place the number of ciphers which follow it at the right of the product. 

EXAMPLE. 

• Multiply 1679423800872 

by 60000 

100765428052320000 

61. EXERCISES. 

What is 1007360 X 7 ? Answer, 7051520. 

123456789 X 9 + 10 and 123 X9 + 4? — ^n^. iiiiiiiiii 

and mi. 

What is 136 X 3 + 129 X 4 + 147 X 8 + 27 X 3000 ? — Ajis, 83 100. 

An army is made up of 33 regiments of infantry, each containing 
800 men ; 14 of cavalry, each containing 600 men ; and 2 of artillery, 
each containing 300 men. The enemy has 6 more regiments of infantry, 
each containing 100 more men ; 3 more regiments of cavalry, each con- 
taining 100 men less ; and 4 corps of artillery of the same magnitude as 
those of the first : two regiments of cavalry and one of infantry desert 
from the former to the latter. How many men has the second army 
more than the first ? — ^n^u^^r, 13400. 

62. Suppose it required to multiply 23707 by 4567. Since 4567 is 

made up of 4000, 500, 60, and 7, by (53) we must multiply 23707 by 
each of these, and add the products. 
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Now (58) 23707 X 7 


18 


165949 


(60) 23707 X 60 


is 


1422420 


23707 X 500 


18 


I1853500 


23707 X 4000 


18 


94S2800O 



The sum of these is 108269869 

which is the product required. 

It will do as well if, iustead of writing the ciphers at the end of each 
line, we keep the other figures in their places without them. If we 
take away the ciphers, the second line is one place to the left of the 
first, the third one place to the left of the second, and so on. Write the 
multiplier and the multiplicand over these lines, and the process will 
stand thus:—. 

23707 63. There is one more case to he noticed, that is, 

4567 where there is a cipher in the middle of the multiplier. 

165949 ^^® following example will shew that in this case 

142242 nothing more is necessary than to keep the first figure 

1 18535 ^^ ^^^^ line, in the column under the figure of the 

94828 multiplier from which that line arises. Suppose it 



108269869 required to multiply 365 hy loiooi. The multiplier 
is made up of 1 00000, 1000 and i. Proceed as before, and 

365 X I is 365 

(57) 3^5 ^ ^°oo " 365000 

365 X 1 00000 is 36500000 

The sum of which is 36865365 
and the whole process with the ciphers struck off is 

365 64. The following is the rule in all cases. 

loiooi I. Place the multiplier under the multiplicand, so 

365 that the units of one may be under those of the other. 
365 II. Multiply the whole multiplicand by each figure 

365 of the multiplier (59), and place the unit of each line in 

36865365 the column under the figure of the multiplier from which 
it came. 

III. Add together the lines obtained by II. column by column. 

65. M^hen the multiplier or multiplicand, or both, have ciphers on 



32 PRINCIPLES OF ARITHMETIC. * 

the right hand, multiply the two together without the ciphers, and then 
place on the right of the product all the ciphers that are on the right, 
hoth of the multiplier and multiplicand. For example, what is 3200 
X 13000 ? First, 3200 18 32 X 100, or one hundred times as great as 
32. Again, 32 X 13000 is 32 x 13, with three ciphers affixed, that is 
416, with three ciphers affixed, or 416000. But the product required 
must be 100 times as great as this, or must have two ciphers affixed. 
It is therefore 41600000, having as many ciphers as are in both mul- 
tiplier and multiplicand. 

66. When any number is multiplied by itself any number of times, 
the result is called a power of that number : Tlius, 

6 is called the first power of 6 

6 x 6 second power of 6 

6x6x6 ... third power of 6 
6x6x6x6 fourth power of 6 
&c &c. 

The second and third powers are usually called the square and cuhcy 
which are incorrect names, derived from certain connexions of the second 
and third power with the square and cube in geometry. As exercises in 
multiplication, the following powers are to be found. 

Number proposed. Square. Cube. 

972 944784 918330048 

1008 1016064 1024192512 

3142 9872164 31018339288 

3163 10004569 31644451747 

5555 30858025 171416328875 

6789 46090521 312908547069 

The fifth power of 36 is 60466176 

fourth 50 ... 6250000 

fourth 108 ... 136048896 

... fourth 277 ... 5887339441 

67. It is required to multiply a + 5 by o + (2, that is, to take a + & as 
many times as there are units \n e + d. By (53) a + b must be taken 
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e times, and d times, or the product required is (a + 5) c + (a + b) d. 
But (52) (a + ft) is ac-{-be, and (a + &) ef is ad-{-bd; whence the pro- 
duct required iBae-^be + ad+bd; or, 

{a + b){o + d) ■» ae + 5o + a</+6(l. 

By similar reasoning (a— 6) (o+rf) is (a— J) c + («— J) d; or, 

(a— ft) (c + rf) «= ae^be-^ad—bd* 

To multiply a— ft by o—d, first take a— ft, o times, which gives 
ae—bo. This is not correct, for in taking it o times instead ot e—d 
times, we have taken it d times too many ; or have made a result which 
is (a— ft) (f too great. The real result is therefore ao—bc—i^a—b) d. 
But (a— ft) d is ad—b </, and therefore 

(o— ft) {c—d) = ac— ftc— (arf— ftrf) 

« ac— ftc— arf + ftrf (41) 

^ From these three examples may be collected the following rule for 
the multiplication of algebraic quantities: Multiply each term of the 
multiplicand by each term of the multiplier ; when the two terms have 
both + or both — before them, put + before their product ; when one 
has + and the other — , put — before their product. In using the first 
terms, which have no sign, apply the rule as if they had the sign + . 

68. For example, (a + ft) (a + ft) gives aa + ab-{-ab-\-bb. But a ft + 
a ft is 2 a ft ; hence the square ofa + ftisaa + 2aft + ftft. Again (a— ft) 
(a— ft) gives a a^a b—a ft + ft ft. But two subtractions of a ft are equi- 
valent to subtracting ^ab; hence the square ofa— ftisaa— 2aft + ftft. 
Again, (a + ft) (a— ft) gives aa + ab—ab—bb. But the addition and 
subtraction of a ft makes no change ; hence the product of a + ft and 
a— ft is aa—ftft. 

Again, the square o{a + b + c + d,or (a + b + c + d) (a + b + c + d) will 
be found to be aa + 2aft + 2ac + 2arf + ftft + 2ftc + 2ftd + cc + 2cd + 
d d^ or the rule for squaring such a quantity is : Square the first term, 
and multiply all that come after by twice that term : do the same with 
the second, and so on to the end. 
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SECTION IV. 

DIVISION, 

69. Suppose I ask whether 156 can be divided into a number of 
parts each of which is 13, or how many thirteens 156 contains; I pro- 
pose a question, the solution of which is called diyisiok. In this 
case, 156 is called the dividendy 13 the divisor ^ and the number of parts 
required is the quotient; and when I find the quotient, I am said to 
divide 156 by 13* 

70. The simplest method of doing this is to subtract 13 from 156, 
and then to subtract 13 from the remainder, and so on ; or, in common 
language, to tell off i$6 by thirteens. A similar process has already 
occurred in the exercises on subtraction, Art. (46). Do this, and 
mark one for every subtraction that is made, to remind you that each 
subtraction takes 13 once from 156, which operations will stand ^as 
follow :-. 

156 Begin by subtracting 13 from 156, which leaves 143. 

13 I 

— ^ — Subtract 13 from 143, which leaves 130; and so on. At 

last, 13 only remains, from which when 13 is subtracted there 
remains nothing. Upon counting the number of times which 
you have subtracted 13, you find that this number is iz; or 
156 contains twelve thirteens, or contains 13 twelve times. 

This method is the most simple possible, and might be 
done with pebbles. Of these you would first count 156. You 
would then take thirteen from the heap, and put them into 
one heap by themselves. You would then take another 13 
from the heap, and place them in another heap by themselves ; 
and so on until there were none left. You would then count 
the number of heaps, which you would find to be 12. 

71. Division is the opposite of multiplication. In multi- 
plication you have a number of heaps, with the same number 
of pebbles in each, and you want to know how many pebbles 
there are in all. In division, you know how many there are 



143 




13 




130 




13 




117 




13 




104 




13 




91 




13 




78 




»3 




65 




13 




5» 




13 




39 




13 




26 




13 




13 




13 
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in all, and how many there are to be in each heap, and you want to 
know how many heaps there are. 

72. In the last example, a number was taken which contains an 
exact number of thirteens. But this does not happen with every 
number. Take, for example, 159. Follow the process of (70), and it 
will appear that after having subtracted 13 twelve times, there remains 
3, from which 13 cannot be subtracted. We may say then th§t 159 
contains twelve thirteens and 3 over; or that 159, when divided by 
13, gives a quotient 12, and a remainder 3. If we use signs, 

^ 159 = i3>«" + 3« . 

EXERCISES. 

146 ss 24 X 6 + 2, or 146 contains six twenty-fours and 2 over. 
146 s 6 X 24 + 2, or 146 contains twenty-four sixes and 2 over. 
300 =B 42 X 7 + 6, or 300 contains seven forty-twos and 6 over. 
39624 = 7277 X 5 + 3239. 

73. If a contain b q times, with a remainder r, a must be greater 

than b qhy r ; that is, 

a ^ bq + r. 

If there be no remainder, a — bq. Here a is the dividend, b the divisor, 
q the quotient, and r the remainder. In order to say that a contains 
b q times, we write, 

- = ^r, or a : J « 5-, 

which in old books is often found written thus : 

74. If I divide 156 into several parts, and find how often 13 is 

contained in each of them, it is plain that 156 contains 13 as often as 

all its parts together. For example, 156 is made up of 91, 39, and 26. 

Of these, 

91 contains 13, 7 times, 

39 contains 13, 3 times, 

26 contains 13, 2 times; 

therefore, 91 + 39 + 26 contains 13, 7+3 + 2 times, or 12 times. 
Again, 156 is made up of 100, 50, and 6. 
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Now, loo conUins x}, 7 times and 9 over, 
50 oontaini 13, 3 timet and 11 over, 
6 oontaint 13, o times* and 6 over. 
Therefore 100 + 50-^6 contains 13, 7 + 3 + times and 9 +11 + 6 over; 
or 156 contains 139 10 times and 26 over. But 26 is itself 2 thirteens ; 
therefore, 156 contains 10 thirteens and 2 thirteens, or 12 thirteens. 

75. The result of the last article is expressed by saying, that if 

, J ^t « bed 

a — & + o+</, then — « — + — + — 

fli fii ffi m 

76. In the first example, I did not take 13 away more than once 
at a time, in order that the method might be as simple as possible. 
But if I know what is twice 13, 3 times 13, &c., I can take away as 
many thirteens at a time as I please, if I take care to mark at each step 
how many I take away. For example, take away 13 ten times at once 
from 156, that is, take away 130, and afterwards take away 13 twice, 
or take away 26, and the process is as follows : 

156 

130 10 times 13 

26 2 times 13 

o 

Therefore, 156 contains 13, 10 + 2, or 12 times. 

Again, to divide 3096 by 18. 

3096 Therefore, 3096 contains 18, 100+50+20 + 

1800 100 times 18 2, or 172 times. 

1296 77* You will now understand the following 

900 50 times 18 sentences, and be able to make similar assertions 

396 of other numbers. 

360 20 times 18 450 is 75 x 6, it therefore contains any num- 

36 her, as 5, 6 times as often as 75 contains it. 

36 2 times 18 

o 

* To speak always in the same way, instead of saying that 6 does not contain 13, 
I say that it contains it times and 6 over, which is merely saying that 6 is 6 more 
than nothing. 
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135 




3 


26 times; therefore, 


Twice 135 


j 


3 


J 52 or twice 26 


10 times 135 


3 


1 260 or 10 times 26 
1300 or 50 times 26 


50 times 135 




3 
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J 



472 contains 18 more than 21 times; therefore, 
4720 contains 18 more than 210 times, 
47200 contains 18 more than 2100 times, 
472000 contains 18 more than 21000 times, 



331 
320 

3200 
32000 
&c. 



I 

a 

8 



12 
12 
12 
12 



a 



2 

20 

200 

2000 

&c. 



S 






3 

30 

300 
3000 
&c. 



a 



78. The foregoing articles contain the principles of division. The 
question now is, to apply them in the shortest and most convenient way* 
Suppose it required to divide 4068 by x8, or to find (23). 

If we divide 4068 into any number of parts, we may, by the process 
followed in (74), find how many times 18 is contained in each of these 
parts, and from thence how many times it is contained in the whole. 
Now, what separation of 4068 into parts will be most convenient? 
Observe that 4, the first figure of 4068, does not contain 18 ; but that 
40, the first and second figures together, does contain 18 more than 
tunce^ but leas than three times.* But 4068 (20) is made up of 40 
hundreds, and 68 ; of which, 40 hundreds (77) contains 18 more than 
200 times, and less than 300 times. Therefore, 4068 also contains more 
than 200 times 18, since it must contain 18 more times than 4000 does. 
It also contains x8 less than 300 times, because 300 times 18 is 5400, a 
greater number than 4068. Subtract z8, 200 times from 4068 ; that is, 
subtract 3600, and there remains 468. Therefore, 4068 contains i8y 
200 times, and as many more times as 468 contains i8. 

It remains, then, to find how many times 468 contains i8. Proceed 



* If you have any doubt as to this expression, recollect that it means ** contains 
nuMTe than two eighteens, but not so much as three." 
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exactly as before. Observe that 46 contains 18 more than twice, and 
less than 3 times; therefore, 460 contains it more than 20, and less 
than 30 times (77) ; fts does also 468. Subtract 18, 20 times from 468, 
that is, subtract 360 ; the remainder is 108. Therefore, 468 contains 
18, 20 times, and as many more as 108 contains it. Now, 108 is found 
to contain 18 6 times exactly; therefore, 468 contains it 20 + 6 times, 
and 4068 contains it 200 + 20 + 6 times, or 226 times. If we write 
down the process that has been followed, without any explanation, 
putting the divisor, dividend, and quotient, in a line separated by 
parentheses, it will stand, as in example (A). 

Let it be required to divide 36326599 by 1342 (B). 



B. 




1342 ) 36326599 ( 20000 + 7000 + 60 + 9 


26840000 






A. 


9486599 


18 )4o68 (200 + 20 + 6 


9394000 


3600 


92599 


468 


80520 


360 


12079 


108 


12078 


108 



As in the previous example, 36326599 is separated into 36320000 
and 6599; the first four figures 3632 being separated from the rest, 
because it takes four figures from the left of the dividend to make a 
number which is greater than the divisor. Again, 36320000 is found 
to contain 1342 more than 20000, and less than 30000 times; and * 
1342 X 20000 is subtracted from the dividend, after which the remainder 
is 9486599. The same operation is repeated again and again, and the 
result is found to be, that there is a quotient 20000 + 7000 + 60+9, or 
27069, and a remainder i. 

Before you proceed, you should now repeat the foregoing article at 
length in the solution of the following questions. What are 

10093874 66779922 2718218 

3207 ' "4433 ' 1335* 
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the quotients of which are 3147, 533,203; and the remainders 1445, 

65433> 7762. 

79. In the examples of the last article, observe, xst, that it is useless 
to write down the ciphers which are on the right of each subtraliend, 
provided that without them you keep each of the other figures in its 
proper place : 2d, that it is useless to put down the right-hand figures 
of the dividend so long as they fall over ciphers, because they do not 
begin to have any share in the making of the quotient, until, by con- 
tinuing the process, they cease to have ciphers under them : 3d, that 
the quotient is only a number written at length, instead of the usual 
way. For example, the first quotient is 200 + 20 + 6, or 226 ; the 
second is 20000 + 7000 + 60 + 9, or 27069. Strike out, therefore, all 
the ciphers and the numbers which come above them, except those in 
the first line, and put the quotient in one line ; and the two examples 
of the last article will stand thus : 



18)4068(226 

36 


1342) 36326599(27069 
2684 


46 
36 


9486 

9394 


108 
108 


9^59 
8052 





12079 

12078 



80. Hence the following rule is deduced : 

I. Write the divisor and dividend in one line, and place parentheses 
on each side of the dividend. * 

II. Take ofiT from the left hand of the dividend the least number of 
figures which make a numl)er greater than the divisor ; find what 
number of times the divisor is contained in these, and write this number 
as the first figure of the quotient. 

III. Multipy the divisor by the last-mentioned figure, and subtract 
the product from the number which was taken off at the left of the 
dividend. 
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IV. On the right of the remainder place the figure of the dividend 
which comes next after those already separatect in II. : if the remainder 
thus increased be greater than the divisor, find honr many times the 
divisor is contained in it ; put this number at the right of the first 
figure of the quotient, and repeat the process : if not, on the right, 
place the next figure of the dividend, and the next, and so on until it 
is greater; but remember to place a cipher in the quotient for every 
figure of the dividend which you are obliged to take, except the first. 

V. Proceed in this way until all the figures of the dividend are 
exhausted. 

tn judging how often one large number is contained in another, a 
first and rough guess may be made by striking ofiT the same number of 
figures from both, and using the results instead of the numbers them- 
selves. Thus, 4,732 is contained in 14,379 about the same number of 
times that 4 is contained in 14, or about 3 times. The reason is, that 
4 being contained in 14 as often as 4000 is in 14000, and these last only 
differing from the proposed numbers by lower denominations, viz. hun- 
dreds, &c. we may expect that there will not be much difference between 
the number of times which 14000 contains 4000, and that which 14379 
contains 4732 : and it generally happens so. But if the second figure 
of the divisor be 5, or greater than 5, it will be more accurate to increase 
the first figure of the divisor by i, before trying the method just 
explained. Nothing but practice can give facility in this sort of guess- 
work. 

81. This process may be made more simple when the divisor is not 
greater than 12, if you have sufficient knowledge of the multiplication 
table ^50). For example, I want to divide 132976 by 4. At full length 
the process stands thus : 
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. ,, But you will recollect, without the necessity of 

4)132976(33244 

j2 writing it dowu, that 13 contains 4 three times with 

12 a remainder i ; this i you will place . before 2, the 

12 next figure of the dividend, and you know that 12 

9 contains 4, 3 times exactly, and so on. It will be 

more convenient to write down the quotient thus : 

i6 4) ^3^976 

"Ti . 33H4 

c. While on this part of the subject, we may men. 

~T tion, that the shortest way to multiply by 5, is to 

annex a cipher and divide by 2, which is equivalent 
to taking the half of 10 times, or 5 times. To divide by 5, multiply 
by 2 and strike off the last figure, which leaves the quotient ; half the 
last figure is the remainder. To multiply by 25, annex two ciphers 
and divide by 4. To divide by 25, multiply by 4 and strike off the two 
last figures, which leaves the quotient ; one fourth of the two last 
figures, taken as one number, is the remainder. To multiply a number 
by 9, annex a cipher, and subtract the number, which is equivalent to 
taking the number ten times, and then subtracting it once. To 
multiply by 99, annex two ciphers and subtract the number, &c. 

In order that a number may be divisible by 2 without remainder, 
Its unit's figure must be an even number.* That it may be divisible 
by 4, its two last figures must be divisible by 4. Take the example 
1236 : this is composed of 12 hundreds and 36, the first part of which, 
being hundreds, is divisible by 4, and gives 12 twenty.fives ; it depends 
then upon 36, the last two figures, whether 1236 is divisible by 4 or 
not. A number is divisible by 8 if the last three figures are divisible 
by 8^ for every digit, except the last three, is a number of thousands, 
and 1000 is divisible by 8 ; whether therefore the whole shall be divi- 
sible by 8 or not depends on the last three figures : thus, 127946 is not 
divisible by 8, since 946 is not so. A number is divisible by 3 or 9, 
only when the sum of its digits is divisible by 3 or 9. Take for ex. 
ample 1234 ; this is 

* AmoDg the even figures we include 0. 
E 2 
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1 thoiuand, or 999 and i 

2 hundred, or twice 99 and a 

3 teni, or three times 9 and 3 
and 4 or 4 

Now 9, 99, 999, &C. are all obviously divisible by 9 and by 3, and so 
will be any number made by the repetition of all or any of them any 
number of times. It therefore depends on 1 + 2 + 3+4, or the sum of 
the digits, whether 1234 shall be divisible by 9 or 3, or not. From the 
above we gather, that a number is divisible by 6 when it is even, and 
when the sum of its digits is divisible by 3 Lastly, a number is divi- 
sible by 5 only when the last figure is o or 5. 

82. Where the divisor is unity followed by dphers, the rule 
becomes extremely simple, as you will see by the following examples : 

100) 33429(334 ^^" ** *^*° **"* "'^^ •"-^"* *>^ ^ "">y 

300 figures from the right hand of the dividend 

342 as there are ciphers. These figures will be 

3QQ the remainder, and the rest of the dividend 

429 will be the quotient. 

400 

Or we may prove these results thus : from 

29 
j^x g (20), 2717316 is 271731 tens and 6 ; of which 

Z71731 and rem. 6. *^® ^"* *^"*^"* '°' *7i73i times, and the 

second not at all; the quotient is therefore 
27173 1, and the remainder 6 (72). Again (20), 33429 is 334 hundreds 
and 29 ; of which the first contains 100, 334 times, and the second not 
at all ; the quotient is therefore 334, and the remainder 29. 

83. The following examples will shew how the rule may be short- 
ened when there are ciphers in the divisor. With each example is 
placed another containing the same process, all unnecessary figures 
being removed ; and from the comparison of the two, the rule at the 
end of this article is derived. 
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I. 1782000)6424700000(3605 
5346000 


1782)6424700(3605 
5346 


10787000 
10692000 


10787 
10692 


9500000 
89x0000 


9500 
8910 


590000 


590000 


II. 12300000)42176189300(3428 


123)421761(3428 


36900000 


369 


52761893 
49200000 


5*7 
492 


35618930 


356 


24600000 


246 


110189300 
98400000 


IIOI 

984 



43 



I 1789300 



II789300 



Tlie rule then is : Strike out as many figures* from the right of the 
dividend as there are ciphers at the right of the divisor. Strike out all 
the ciphers from the divisor, and divide in the usual way ; but at the 
end of the process, place on the right of the remainder all those figures 
which were struck out of the dividend. 



u. 


EXERCISES. 


' 


Dividend. 


Divisor. 


Quotient 


Remainder. 


9694 


47 


206 


12 


175618 


3136 


56 


2 


23796484 


130000 


183 


6484 


14002564 


1871 


7484 





3 103 14420 


7878 


39390 





3939040647 


6889 


571787 


4 


22876792454961 


43046721 


53144-1 






* Indttding both ciphers and others. 
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Shew that 

_ 100x100x100—41x43x4.3 

I. — — -^ — -^ *» 100 X 100+ 100x45+47 X 43. 

__ 100x100x100 + 43x43x43 

II. -^ — ^^ — ^^ — 100x100—100x43 + 43x43. 

100 + 43 ^^ ^^ ^^ 

76x76 + 2x 7 6x52 + 52x52 _ ,^ . _ 

111. :rf.rjr~ ^ 70 + 5*- 

70 + 52 , 

__. 12 X 12 X 12 X 12— l' 
I V . 1 + 12 + 12 X 12 + 12 X 12 X 12 ■» . 

12— I 

What 18 the nearest number to 1376429 which can be divided by 
36300 without remainder ? -^Answery 1379400. 

If 36 oxen can eat 216 acres of grass in one year, and if a sheep eat 
half as much as an ox, how long will it take 49 oxen and 136 sheep 
together to eat 17550 acres ? _ Answer^ 25 years. 

85. Take any two numbers, one of which divides the other without 
remainder; for example, 32 and 4. Multiply both these numbers by 
any other number ; for example, 6. The products will be 192 and 24. 
Now, 192 contains 24 just as often as 32 contains 4. Suppose 6 baskets, 
each containing 32 pebbles, the whole number of which will be 192. 
Take 4 from one basket, time after time, until that basket is empty. 
It is plain that if, instead of taking 4 from that basket, I take 4 from 
each, the whole 6 will be emptied together : that is, 6 times 32 contains 
6 times 4 just as often as 32 contains 4. The same reasoning applies to 
other numbers, and therefore we do not alter the quotient \fwe multiply 
the dividend and divisor by the same number, 

86. Again, suppose that 200 is to be divided by 50. Divide both 
the dividend and divisor by the same number ; for example, 5. Then, 
200 is 5 times 40, and 50 is 5 times 10. But by (85), 40 divided by 10 
gives the same quotient as 5 times 40 divided by 5 times 10, and there- 
fore the quotient of two numbers is not altered by dividing both the divi* 
dend and divisor by the same number. 

87* From (55), if a number is multiplied successively by two others, 
it is multiplied by their product. Thus, 27, first multiplied by 5, and 
the product multiplied by 3, is the same as 27 multiplied by 5 times 3, 
or 15. Also, if a number be divided by any number, and (he quotient 
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be divided by another, it is the same as if the first number had been 
divided by the prodoct of the other two* For example, divide 60 by 4, 
which gives 15, and the quotient by 3, which gives 5. It is plain, that 
if each of the four fifteens of which 60 is composed, be divided into three 
equal parts, there are twelve equal parts in all ; or, a division by 4, and 
then by 3, is equivalent to a division by 4 x 3, or 12. 

88. The following rules will be better understood by stating them in 
an example. If 32 be multiplied by 24 and divided by 6, the result is 
the same as if 32 had been multiplied by the quotient of 24 divided by 6, 
that is, by 4 ; for, the sixth part of 24 being 4, the sixth part of any 
number repeated 24 times, is that number repeated 4 times ; or, multi- 
plying by 24 and dividing by 6 is equivalent to multiplying by 4. 

89. Again, if 48 be multiplied by 4, and that product be divided by 

24, it is the same thing as if 48 were divided at once by the quotient of 

24 divided by 4, that is, by 6. For, every unit which is repeated 6 

times in 48 is repeated 4 times as often, or 24 times, in 4 times 48, 

or the quotient of 48 and 6 is the same as the quotient of 48 x 4 and 
6x4. 

90. The results of the last five articles may be algebraically expressed 
thus: 



ma a 

mb b 

If fi divides a and b without remainder. 



(88) 



^ = 1 (86) -^ = ^ (87) 



n 



»* = axi (88) "^=^ (89) 



b 



= 


a 
bo 


ao 


= 


a 


b 


b 






e 







It must be recollected, however, that these have only been proved 
in t}ie case where all the divisions are without remainder. 

91. When one number divides another without leaving any re- 
mainder, or is contained an exact number of times in it, it is said to be 
a meature of that number, or to measure it. Thus, 4 is a measure of 
136, or measures 136; but it does not measure 137. The reason for 
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using the word measure is this : Suppose you have a rod 4 feet long, 
with nothing marked upon it, with which you want to measure some 
length; for example, the length of a street. If that street should 
happen to be 136 feet in length, you will be able to measure it with the 
rod, because, since 136 contains 4, 34 times, you will find that the street 
is exactly 34 times the length of the rod. But if the street should 
happen to be 137 feet long, you cannot measure it with the rod; for 
when you have measured 34 of the rods, you will find a remainder, 
whose length you cannot tell without some shorter measure. Hence 4 
is said to measure 136, but not to measure 137. A measure, then, is a 
divisor which leaves no remainder. 

92. When one number is a measure of two others, it is called a 
common measure of the two. Thus, 15 is a common measure of 180 
and 75. Two numbers may have several common measures. For 
example, 360 and 168 have the common measures 2, 3, 4, 6, 24, and 
several others. Now, this question may be asked : Of all the common 
measures of 360 and 168, which is the greatest ? The answer to this 
question is derived from a rule of arithmetic, called the rule for finding 
the GREATEST COMMON MEASURE, which we proceed to consider. 

93. If one quantity measures two others, it measures their sum 
and difference. Thus, 7 measures 21 and 56. It therefore measures 
56 + 21 and 56—21, or 77 and 35. This is only another way of saying 
what was said in (7^)* 

94. If one number measures a second, it measures every number 
wliicli the second measures. TIius, 5 measures 15, and 15 measures 30, 
45> ^O) 75? &c. ; all which numbers are measured by 5. It is plain 
that if .- 

' 15 contains 5 3 times, 
30, or 15+15 contains 53 + 3 times, or 6 times, 

45, or 15 + 15 + 15 contains 53 + 3 + 3 or 9 times ; 
and BO on. 

95. Every number which measures both the dividend and divisor 
measures the remainder also. To shew this, divide 360 by 112. The 
quotient is 3, and the remainder 24, that is (72), 360 is three times 112 
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and 24, or 360 » 1 12 x 3 + 24. From tbis it follows, that 24 is the 
difference between 360 and 3 times iia, or 24 >■ 360-^112 x 3. Take 
any number which measures both 360 and 112 ; for example, 4. Then 

4 measures 360, 

4 measures 112, and therefore (94) measures 112 x 3, 
or 112+ 112+ 112. 

Therefore (93) it measures 360—112x3, which is the remainder 24. 
The same reasoning may be applied to all other measures of 360 and 
112; and the result is, that every quantity which measures both the 
dividend and divisor also measures the remainder. Hence, every com' 
mon measure of a dividend and divisor is also a common measure of the 
divisor and remainder. 

96. Every common measure of the remainder and divisor is also a 
common measure of the dividend and divisor. Take the same example, 
and recollect that 360 » 112 x 3 + 24. Take any common measure of 
the remainder 24 and the divisor 112 ; for example, 8. Then 

8 measures 24 ; 
and 8 measures 112, and therefore (94) measures 112 x 3. 

Therefore (93) 8 measures 112x3 + 24, or measures the dividend 360. 
Then every common measure of the remainder and divisor is also a 
common measure of the divisor and dividend, or there is no common 
measure of the remainder and divisor which is not also a common mea- 
sure of the divisor and dividend. 

97* I* It is proved in (95) that the remainder and divisor have all 
the common measures which are in the dividend and divisor. 

II. It is proved in (96) that they have no others. 

It therefore follows, that the greatest of the common measures of 
the first two is the greatest of those of the second two, which shews how 
to find the greatest common measure of any two numbers,* as follows : 

98. Take the preceding example, and let it be required to find the 
g. c. m. of 360 and 112, and observe that 

* For shortness* I abbreviate the words greatest common measure into their initial 
letters* g. c. m. 
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360 divided by 112 gives the remainder 24, 
112 divided by 24 gives the remainder 16, 

24 divided by 16 gives the remainder 8, 

16 divided by 8 gives no remainder. 

Now, since 8 divides 16 without remainder, and since it also divides 
itself without remainder, 8 is the g. c. m. of 8 and 16, because it is 
impossible to divide 8 by any number greater than 8 ; so that, even if 
16 had a greater measure than 8, it could not be common to 16 and 8. 

Therefore 8 is g. c. m. of 16 and 8 

(97) g* c. m. of 16 and 8 is g. c. m. of 24 and 16 

g. c. m. of 24 and 16 is g. c. m. of 112 and 24 

g. c. m. of 112 and 24 is g. c. m. of 360 and 112 

Therefore 8 is g. c. m. of 360 and 112. 

The process carried on may be written down in either of the follow- 
ing ways : 

^ ^ , The rule for finding the greatest common 

112)360(3 

^^^ measure of two numbers is, 
^.\j i2(a I* Divide the greater of the two by the less. 
96 II. Make the remainder a divisor, and the 
16)24(1 divisor a dividend, and find another remainder. 
III. Proceed in this way until there is no 

' ^ remainder, and the last divisor is the greatest 
16 

— common measure required, 
o 

99. You may perhaps ask how the rule is to 

shew when the two numbers have no common 
measure. The fact is, that there are, strictly 
speaking, no such numbers, because all numbers 
are measured by i ; that is, contain an exact 
number of units, and therefore i is a common 
measure of every two numbers. If they have no other common mea- 
sure, the last divisor will be i, as in the following example, where the 
greatest common measure of 87 and 25 is found. 



112 


360 


3 


96 


336 


4 


16 


24 


I 


16 


16 


2' 





8 
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25)87(3 

75 
12)25(2 

24 


6197 
58363 


EXERCISES. 

Numbers. 

9521 

2602 


g. c. m. 

I 

I 


l)l2(l2 


5547 


147008443 


1849 


12 


6281 


326041 


571 





28915 


31495 


5 




1509 


300309 


3 
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What are 36 x 36 + 2 x 36 x 72 + 72 x 72 
and 36 X 36 X 36 + 72 X 72 X 72 ; 
and what is tlieir greatest common measure ? Amwer, 11664. 

100. If two numbers be divisible by a third, and if the quotients be 
again divisible by a fourth, that third is not the greatest common mea- 
sure. For example, 360 and 504 are both divisible by 4. The quotients 
are 90 and 126. Now 90 and 126 are both divisible by 9, the quotients 
of which division are 10 and 14. By (87), dividing a number by 4, and 
then dividing the quotient by 9, is the same thing as dividing the 
number itself by 4 x 9, or by 36. Then, since 36 is a common measure 
of 360 and 504, and is greater than 4, 4 is not the greatest common 
measure. Again, since 10 and 14 are both divisible by 2, 36 is not the 
greatest common measure. It therefore follows, that when two numbei s 
are divided by their greatest common measure, the quotients have no 
common measure except i (99). Otherwise, the number which was 
called the greatest common measure in the last sentence is not so in 
reality. 

101. To find the greatest common measure of three numbers, find 
tlie g. c. m. of the first and second, and of this and the third. For since 
all common divisors of the first and second are contained in their g. c. m., 
and no others ; whatever is common to the first, second, and third, is 
common also to the third, and the g. c. m. of the first and second, and 
no others. Similarly, to find the g. c. m. of four inimbers, find the 
g. c. m. of the first, second, and third, and of that and the fourth. 

102. When a first number contains a second, or is divisible by it 
without remainder, the first is called a multiple of the second. The 

F 
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words multiple and measure are thus connected : Since 4 is a measnre 
of 24, 14 is a multiple of 4. The number 96 is a multiple of S, 12, 24, 
48, and several others. It is therefore called a common multiple of 8, 
12, 24, 48, &c The product of any two numbers is evidently a common 
multiple of both. Thus, 36 x 8, or 288, is a common multiple of 36 
and 8. But there are common multiples of 36 and 8 less tlian 288 ; and 
because it is convenient, when a common multiple of two quantities is 
wanted, to use the least of them, I now shew how to find the least 
common multiple of two nnmbers. 

103. Take, for example, 36 and 8. Find their greatest common 
measure, which is 4, and observe that 36 is 9 X4, and 8 is 2 x 4. The 
quotients of 36 and 8, when divided by their greatest common measure, 
are therefore 9 and 2. Multiply these quotients t(^ether, and multiply 
the product by the greatest common measure, 4, which gives 9x2x4, 
or 72. This is a multiple of 8, or of 4 x 2, by (55) ; and also of 36, or 
of 4x9. It is also the least common multiple ; but this cannot be 
proved to you, because the demonstration cannot be thoroughly under- 
stood without some knowledge of algebra. But you may satisfy yourself 
that it is the least in this case, and that the same process will give the 
least common multiple in any other case which you may take. It is 
not even necessary that you should know it is the least. Whenever a 
common multiple is to be used, any one will do as well as the least. It 
is only to avoid large numbers that the least is used in preference to 
any other. 

When the greatest common measure is i, the least common multiple 
of the two numbers is their product. 

The rule then is : To find the least common multiple of two num- 
bers, find their greatest common measure, and multiply one of the 
numbers by the quotient which the other gives when divided by the 
greatest common measure. To find the least common multiple of three 
numbers, find the least common multiple of the first two, and find the 
least common multiple of that multiple, and the third, and so on. 
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EXERCISES. 



Numbers proposed. 


Least common multiple. 


14, 21 


4». 


16, 5» *4 


240 


h *> 3i 4i 5» 6» 7» 8, 9» w 


2520 


6, S, II, 16, 20 


2640 


876, 864 


63071 


86S, 854 


52948 



SECTION V. 



FRACTIONS. 



104. Suppose it required to divide 49 yards into five equal parts, or, 
as it is called, to find the fifth part of 49 yards. If we divide 49 by 5, 
the quotient is 9, and the remainder is 4 ; that is (72), 49 is made up of 
5 times 9 and 4. Inst the line a b represent 49 yards : 



-B 



C 
D 
E 
F 
O 



I — 
K — 
L — 
M — 

N — 



H 



IKLMN 

ri- 1 I I "1 



take 5 lines, c, d, E, F, and g, each 9 yards in length, and the line h, 
4 yards in length. Then, since 49 is 5 nines and 4, c, D, E, f, o, 
and H, are togetlier equal to a b. Divide h, which is 4 yards, into five 
equal parts, i, k, l, m, and n, and place one of these parts opposite to 
each of the lines c, d, e, f, and o. It follows that the ten lines, c, D, 
E, F, G, I, K, L, M, K, are together equal to a b, or 49 yards. Now d 
and K together are of the same length as c and i together, and so are E 
and L, F and m, and g and v. Therefore c and i together, repeated 5 
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times, will be 49 yards ; that is, c and i togetlier make up the fifth part 
of 49 yards. 

105. c is a certain number of yards, viz. 9 ; but i is a new sort of 
quantity, to which hitherto we have never come. It is not an exact 
number of yards, for it arises from dividing 4 yards into 5 parts, and 
taking one of tliose parts. It is the fifth part of 4 yards, and is called 
a FRACTION of a yard. It is written thus, - (23), and is what we 
must add to 9 yards in order to make up the fifth part of 49 yards. 

The same reasoning would apply to dividing 49 bushels of corn, or 
49 acres of land, into 5 equal parts. We should find for the fifth part 
of tiie first 9 bushels, and the fifth part of 4 bushels ; and for the second 
9 acre5i, and the fifth part of 4 acres. 

M'e say then, once for all, that the fifth part of 49 is 9 and -, or 

9 + - ; which is usually written 9-, or if we use signs, — = 9 -. 
^5 5 5 5 

EXERCISES. 

What is the seventeenth part of 1237 ? — ^^nstr^r, 72—^. 

IVhat are i^^ii, ^^i^, and ^^^11199 , 
1974 ^3710 *4^4 

. 162 23649 2'?4? 

Answer. 5 , 27 . q';q4 . 

'^1974' '23710' ^-^^^2424 

lOG. By the term fraction is understood a part of any number, or 
the sum of any of the equal parts into which a number is divided. 
Thus, — , -, — , are fractions. The term fraction even includes whole 

5 5 7 ly OA CI 

numbers :* for example, 17 is — , =—^ =—^ &c. 

123 

The upper number is called the numerator, the lower number is 
called the denominator^ and both of these are called terms of the fraction. 
As long as the numerator is less than the denominator, the fraction is 

le.ss than a unit : thus, — is less than a unit : for 6 divided into 6 parts 

17 ^ 

gives I for each part, and must give less when divided into 17 parts. 
Similarly, the fraction is equal to a unit when the numerator and de- 
nominator are equal, and greater than a unit when the numerator is 
Ifreater than the denominator. 

• Numbers which contain an exact number of units, such as 6, 7. 100, Ac, are 
called tvhole numbers or integers, when we wish to distinguish them from fractions. 
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9 

107. By - is meant the third part of 2. This is the same as twice 
the third part of i. 

To prove this, let a B be two yards, and divide each of the yards a c 
and c B into three equal parts. 

I -J- , , 1 , 1 

A D £ G F O B 

Then, Inscause a e, e f, and f b, are all equal to one another, a E is 

2 
the third part of 2. It is therefore -. But a e is twice a I), and a d 

, I 3 2 I 

IS the third part of one yard, or - ; therefore - is twice -, that is, in 

2.3 3 3 

order to get the length -, it makes no difference whether we divide tivo 

3 
parde at once into three parts, and take one of them, or whether we 

divide one yard into three parts, and take two of them. By the same 

reasoning, ^ may be found either by dividing 5 into 8 parts, and taking 

o 

one of them, or by dividing i into 8 parts, and taking 5 of them. In 
future, o£ these two meanings, I shall use that which is most convenient 
at the time, as it is proved that they are the same thing. This prin- 
ciple is the same as the following : The third part of any number may 
be obtained by adding together the thirds of all the units of which it 
consists. Thus, the third part of 2, or of two units, is made by taking 
one- third out of each of the units, that is, 

2 I 

- = - X 2. 

3 3 

This meaning appears ambiguous, when the numerator is greater 

than the denominator : thus, — ^ would mean that i is to be divided into 

7 
7 parts, and 15 of them are to be taken. We should here let as many 

units be each divided into 7 parts as will give more than 15 of those 

parts, and take 15 of them. 

108. The value of a fraction is not altered by multiplying the nume- 

rator and denominator by the same quantity. Take the fraction -, mul- 

tiply its numerator and denominator by 5, and it becomes — , which is 

the same thing as - ; that is, one-twentieth part of 15 yards is the 

same thing as one-fourth of 3 yards : or, if our second meaning. of the 

word fraction be used, you get the same length by dividing a yard into 

20 parts and taking 15 of them, as you get by dividing it into 4 parts 

and taking 3 of them. To prove this, 

F 2 
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r 



I I I I * i I 1 I * 1 I M * I I 1 I 
ODE 



let A B represent a yard ; divide it into 4 equal parts, a c, c d, D E, and 

9 

E B, and divide each of these parts into 5 equal parts. Then a e is -. 

4 

But the second division cuts the line into 20 equal parts, of which a e 

contains i?. It is therefore -^ Therefore — and - are the same 
"^ ao 20 4 

thing. 

Affain, since - is made from — hy dividing both the numerator 

"4 20 ° 

and denominator by 5, the value of a fraction is not altered hy dividing 
both its numerator and denominator by the same quantity. This 
principle, which is of so much importance in every part of arithmetic, 
is often used in common language, as when we say that 14 out of 21 
is 2 out of 3, &c. 

109. Thouffh the two fractions- and — are the same in value, 

° 4 20 

and either of them may be used fur the other without error, yet the 
first is more convenient than the second, not only because you have 
a clearer idea of the fourth of three yards than of the twentieth part 
of fifteen yards, but because the numbers in the first, being smaller, 
are more convenient for multiplication and division. It is therefore 
useful, when a fraction is given, to find out whether its numerator and 
denominator have any common divisors or common measures. In (98) 
was given a rule for finding the greatest common measure of any two 
numbers ; and it was shewn, that when the two numbers are divided 
by their greatest common measure, the quotients have no common 
measure except i. Find the greatest common measure of the terms 
of the fraction, and divide them by that number. The fraction is then 
said to be reduced to its lowest terms, and is in the state in which the 
best notion can be formed of its magnitude. 

EXEBCISES. 

With each fraction is written the same reduced to its lowest terms. 

2794 22 X 127 22 

2921 23 X 127 23 

2788 17 X 164 17 

4920 30 X 164 30 
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93208 764 X 122 764 

13786 113x122 113 

888800 22 X 40400 22 

40359600 999X40400 999 

95469 121 X 789 121 
359784 "" 456X789 "~ 456 

110. When the terms of the fraction given are already in factors,* 
any one factor in the numerator may be divided by a number, provided 
some one factor in the denominator is divided by the same. This 
follows from (88) and (108). In the following examples the figures 
altered by division are accented. 

I2XIIXIO 3'xiixio 1'XIIX5' 

2x3x4 2x3x1' i' X i' X i' ^^* 



I 



18x15x13 2' X 3' X 1' I'xi'xi' 

20 X 54 X 52 4' X 6' X 4' 2' X 2' X 4' 16 

27 X 28 3' ^ 4' 3' X 3i' 6 

9 X 70 1' X 10' "~ 1^x5' 5' 

111. As we can, by (108), multiply the numerator and denominator 
of a fraction by any number, without altering its value, we can now 
readily reduce two fractions to two others, which shall have the same 
value as the first ti\'o, and which shall have the same denominator. 

2 A 2 

Take, for example, - and - ; multiply both terms of - by 7, and both 

4 3 7 3 

terms of - by 3. It then appears that 

2 . 2x7 14 

- IS or — ^ 

3 3>«7 *i 

4.4x3 12 

- IS - — - or — 
7 7x3 *i 

Here are then two fractions ~ and — , equal to - and -, and 

V . *^ 2 43 7 

haviuc: the same denominator, 21 ; in this case,- and - are said to be 
6 5 '37 

reduced to a common denominator. 

1 c 7 

It is required to reduce — , f, and - to a common denominator. 

10 9 

Multiply both terms of the first by the product of 6 and 9 ; of the 

* A fSactoT of a number is a number which divides it without remainder : thus, 4, 6* 
8, are factors of 24, and 6x4, 8x3, 2 x 3 X 2 X 3, are several ways of decomposing 24 into 
fiEiaors. 
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second by the product of lo and 9 ; and of the third by the product of 
10 and 6. Then it appears (108) that 



I 

10 


is 


1x6x9 
10 X 6 X 9 


or 


54 
540 


5 
6 


is 


5 X 10 X 9 

6 X 10 X 9 


or 


450 
540 


7 
9 


is 


7 X 10x6 
9 X 10 X 6 


or 


420 
540 



On looking at these last fractious, we see that all the numerators 
and the common denominator are divisible by 6, and (108) this division 
will not alter their values. On dividing the numerators and deno- 

C4 ACO 420 Q 75 

minators of -^^-^, ^^-, and - — by 6, the resulting fractions are, -^, -^j 
70 54<5 540 540 90 90 

and — . These are fractions with a common denominator, and which 

90 I 5 7 

are the same as — ,7, and - ; and, therefore, these are a more simple 

10 6 9 ' ' '^ 

answer to the question than the first fractions. Observe also that 
540 is one common multiple of 10, 6, and 9, namely, 10 x 6 x 9 ; but 
that 90 is the least common multiple of 10, 6, and 9 (103). The 

following process, therefore, is shorter. To reduce the fractions — , 

5 7 '° 

^, and -, to others having the same value and a common denominator, 

begin by finding the least common multiple of 10, 6, and 9, by the 

rule in (103), which is 90. Observe that 10, 6, and 9 are contained in 

90, 9, 15, and 10 times. Multiply both terms of the first by 9, of the 

second by 15, and of the third by 10, and the fractions thus produced 

O "TC 70 

are — , — , and — , the same as before. 
90 90 90 

If one of the numbers be a whole number, it may be reduced to 
a fraction having the common denominator of the rest, by (106). 

EXEECISES. 

reduced to a common denominator. 



Fractions prcqpoeed 


2 


I I 


3 


5 6 


I 2 


3 12 3 


3 7 


14 21 4 


3 ^ 

10 


5 6 

100 1000 


33 
379 


281 

677 





20 

30 


6 

30 


30 




28 

84 


24 

84 


18 
84 


48 
84 


63 
84 


3000 


400 




50 


6 


1000 


1000 
22341 




1000 
106499 


1000 



256583 



256583 
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112. By reducing two fractions to a common denominator, we are 
able to compare them, that is, to tell which is the greater and which 

I n 

the less of the two. For example, take - and — . Tliese fractions 
reduced, without nlteration of their value, to a common denominator, 

are — and — . Of these the first must he the greater, because (107) 

30 30 

it may be obtained by dividing i into 30 equal parts and taking 15 of 

them, but the second is made by taking 14 of those partsw 

It is evident that of two fractions which have the same denominator, 

the greater has the greater numerator ; and also that of two fractions 

which have the same numerator, the greater has the less denominator, 
g g 

Thus, - is greater than -, since the first is a 7th, and the last only a 
9th part of 8. Also, any numerator may be made to belong to as small 

a fraction as we please, by sufficiently increasing the denominator. 

mu 10 . 1 10 . I 10 . I 

Thus, IS — , IS — , and is (108). 

100 10 1000 100 1 000000 1 00000 

We can now also increase and diminish the first fraction by the 
second. For the first fraction is made up of 15 of the 30 equal parts 
into which i is divided. The second fraction is 14 of those parts. The 
sum of the two, therefore, must be 15 + 14, or 29 of those parts; that 

I 7 20 

is, - + — 18 — . The difference of the two must be 15— 14, or i of 

, * '5 30 I , 

those parts ; that is, = — . 

2 15 30 

113. From the two last articles the following rules are obtained : 

1. To compare, to add, or to subtract fractions, first reduce them to a 
common denominator. M'^hen this has been done, that is the greatest of 
the fractions which has the greatest numerator. 

Their sum has the sum of the numerators for its numerator, and the 
common denominator for its denominator. 

Their difference has the difference of the numerators for its nu- 
merator, and the common denominator for its denominator. 

EXERCISES. 

2345 60 3 427 1281 
834 1834 I . 12 253 

10 100 icoo 1000 7 '3 9 1 

Ij^ 1.^ ^ ^ I ll3___97___ 93066 

2 16 ■ 188 2 521 881 459001 
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114. Suppose it required to add a whole number to a fraction, for 

example, 6 to i By (106) 6 is ^, and ^^ + * is ^; that w, 6 + *, 

9 a9c8 999 9 

or, as it is usually written, 6 -, is — . The rule in this case is, 

9 9 

Multiply the whole number by the denominator of the fraction ; and 

to the product add the numerator of the fraction, the sum will be the 

numerator of the result, and the denominator of the fraction will be its 

denominator. Thus, 3- « — , 22- = — K 74 — =» 21^. This rule 

4 4' 9 9 55 55 

IS the opposite of that in (105). 

116. From the last rule it appears that 1723 ^ is , 

,^ ^ loooo 10000 

225 . 667225 . 99 . 2300099 __ , . , 

607 — — IS i, and 23 — ^^ — IS -^ ^^. Hence, when a whole 

1000 1000 icoooo looooo 

number is to be added to a fraction whose denominator is i followed by 
ciphers^ the number of which is not less than the number ot figures in 
the numerator, the rule is, Write the whole number first, and then the 
numerator of the fraction, with as many ciphers between them as the 
number of ciphers in the denominator exceeds the number of figures in 
the numerator. This is the numerator of the result, and the denomi- 
nator of the fraction is its denominator. If the number of ciphers in 
the denominator be equal to the number of figures in the numerator, 
write no ciphers between the whole number and the numerator. 

EXERCISES. 

2*5707 
Reduce the fallowing mixed quantities to fractions : i — , 

6 299 ^ 2210 ^^°«<^ 

*457 — ■» 1*07 ^^ — » wid 233 . 

10 looooooo "'•' loooo 

116. Suppose it required to multiply - by 4. This by (48) is taking 

2 2222 8 

- four times ; that is, finding - + - + - + -. This by (112) is - ; so 

3 3 3 3 3 ^ ' 3 
that to multiply a fraction by a whole number, the rule is : Multiply 

the numerator by the whole number, and let the denominator remain. 

117* If the denominator of the fraction be divisible by the whole 

number, the rule may be stated thus : Divide the denominator of the 

fraction by the whole number, and let the numerator remain. For 

7 AA 

example, multiply -7 by 6. This (116) is -^, which, since the numer- 
ator and denominator are now divisible by 6, is (108) the same as 

7 7 7 

7. It is plain that 7 is made from -^ in the manner stated in the rule. 

6 '^ 6 36 
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118. Maltiplication has been defined to be the taking as many of 

one number as there are units in another. Thus, to multiply la by 7 

is to take as many twelves as there are units in 7, or to take 12 as many 

times as yon must take i in order to make 7. Thus, what is done with 

I in order to make 7, is done with 12 to make 7 times 12. For 

example, 

7 isi + i + i + i + i + i + i 

7 times 12 is 12 + 12 +12 + 12 + 12 + 12 + 12 

When the same thing is done with two fractious, the result is still 
called their product, and the process is still called multiplication. There 
is this difference, that whereas a whole number is made by adding i to 
itself a flumber of times, a fraction is made by dividing i into a number 
of equal parts, and adding one of these parts to itself a number of times. 

This being the meaning of the word multiplication, as applied to frac- 

« 7 

tions, what is - multiplied by ^ ? Whatever is done with i in order 

74 3 7 

to make - must now be done with - ; but to make x« i is divided into 

8 4 ^\ 7 'i 

8 parts, and 7 of them are taken. Therefore to make - x ^, - must be 

484 

divided into 8 parts, and 7 of them must be taken. Now -^ is, by (108), 

the same thing as — . Since -^ is made by dividing i into 32 parts 

32 32 ^ 

and taking 24 of them, or, which is the same thing, taking 3 of them 

24 ^ 

8 times, if — ^ be divided into 8 equal parts, each of them is ~ ; and 

3* ,21 3* ^ 

if 7 of these parts be taken, the result is — • (116) : therefore ^ 

. 7 21 ,3* 4 

multiplied by ~ is — ; and the same reasoning may be applied to 

3* 21 17 

any other fractions. But — is made from - and ~ by multiplying the 

32 48 

two numerators together for the numerator, and the two denominators 
for the denominator ; which furnishes a rule for the multiplication of 

fractions. 

21 

119. If this product -*- is to be multiplied by a third fraction, for 

example by -, the result is, by the same rule, —^ ; and so on. The 
p 280 

general rule for multiplying any number of fractions together is 
therefore : 

Multiply all the numerators together for the numerator of the 
product, and all the denominators together for its denominator. 

120. Suppose it required to multiply together -| and — . The pro- 
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diiot may be written thus : —^ , and is -7-, which reduced to its 

^ 16 X 10 i6o 

lowest terms (109) is -. This result might have been obtained directly, 

4 
by observing that 15 and 10 are both measured by 5, and 8 and 16 

are both measured by 8, and that the fraction may be written thus : 

1 X c X 8 
— -—^ . Divide both its numerator and denominator by 5 x 8 (108) 

2XoX2XC _ 

and (87), and the result is at once - ; therefore, before proceeding to 

4 
multiply any number of fractions together, if there be any numerator 

and any denominator, whether belonging to the same fraction or not, 

which have a common measure, divide them both by that common 

measure, and use the quotients instead of the dividends. 

A whole number may be considered as a fraction whose denominator 

16 
IS I ; thus, 16 is — (106) ; and the same rule will apply wheft one or 

more of the quantities are whole numbers. 







EXERCISES 


• 




136 

— :i~ X 

7470 


268 __ 36448 
919 6864930 


= 


1S224 
343^65 


123 
- X - X - X 
2 3 4 


5 


I 


2 
17 


17 2 
X — ^ = 

45 45 


2 13 241 

X — i X --^— 

59 7 19 


?7r- 


6266 
7847' 


13 
461 


601 7813 

X = - — i 

II 5071 


Fraction proposed. 




Square. 




Cube. 


701 




49 140 I 




344472 10 I 


158 




24964 




394431a 


140 




19600 




2744CCO 


141 




19881 




2803221 


355 




126025 




44738875 


113 




12769 




1442897 



From ICO acres of ground, two- thirds of them are taken away; 50 

acres are then added to the result, and - of the whole is taken ; what 

7 II 

number of acres does this produce ?. — Atiswer, 59 — . 

121. In dividing one whole number by another, for example 108 
by 9, this question is asked, — Can we, by the addition of any number 
of nines, produce 108 ? and, if so, how many nines will be sufficient for 
that purpose ? 

Suppose we take two fractious, for example - and -, and ask, Can 
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we, by dividing ~ into some number of equal parts, and adding a 

5 2 

number of these parts together, produce - ? if so, into how many parts 

A 3 

must we divide -, and how many of them must we add together ? The 
solution of this question is still called the division of - by ~ ; and the 
fraction whose denominator is the number of parts into which ~ is 
divided, and whose numerator is the number of them which is taken, 
is called the quotient. The solution of this question is as follows : 
Reduce both these fractions to a common denominator (ill), which 

does not alter their value (108) ; they then become — and — . The 

, , 12 , '5 ^5 lo 

question now is, to divide — into a number of parts, and to produce — 

by taking' a number of these parts* Since — is made by dividing i 

into 15 parts and taking 12 of them, if we divide — into 12 equal parts, 

each of these parts is — ; if we take 10 of these parts, the result is — . 

Therefore, in order to produce — or - (108), we must divide — or - 

15 3 IS 5 

into 12 parts, and take 10 of them ; that is, the quotient Is — . If we 

2 ^ 

call - the dividend, and ~ the divisor, as before, the quotient in this 

case is derived from the following rule, which the same reasoning will 

shew to apply to other cases : 

The numerator of the quotient is the numerator of the dividend 

multiplied by the denominator of the divisor. The denominator of the 

quotient is the denominator of the dividend multiplied by the numerator 

of the divisor. This rule is the reverse of multiplication, as will be 

A 

seen by comparing what is required in both cases. In multiplying - 
by — , I ask, if from - be taken 10 parts out of 12, how much of a unit 

12 ^ .Q ^ 2 A 

is taken, and the answer is ^, or -• Again, in dividing - by -, I ask, 

42 00 3 ^ jQ 3 5 

what part of - is -, the answer to which is, — . 
5 3 " 

122. By taking the following instance, we shall see that this rule 

can be sometimes simplified. Divide — by — . Observe that 16 is 

4x4, and 28 is 4 X 7 ; 33 is 3 x 11, and 15 is 3x5; therefore the two 

fractions are — — — and - — ^, and their quotient, according to the rule, 
3x11 3x5' 

is 3 — Z — t — L in which 4 x 3 is found both in the numerator and 
3x11x4x7' ^ •* .^- 

denominator. The fraction is therefore (108) the same as -^ — ^, or 
20 "^7 

— . The rule of the last article therefore admits of this modification : 
77 

o 
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If the two nnmeraton or the two denominators have a common mea- 
sure, divide by that common measure, and use the quotients instead of 
the dividends. 

123. In dividing a fraction by a whole number, for example, - by 
15, consider 15 as the fraction -^. The rule gives — as the quotient. 
Therefore, to divide a fraction by a whole number, multiply the deno* 
minator by that whole number. 



EXEBCISES. 

Dividend. Divisor. Quotient. 

41 63 41 

33 II 189 

4^7 907 47167 

151 loi 136957 

7813 601 13 

5071 TT 461 

111222 8833 

What are jTi"^"^"!^ .^^ ""v""''"? 

5 17 II II 

Answer , and i. 

7225 

A can reap a field in 12 days, B in 6, and C in 4 days; in what 
time can they all do it together ?*..^ Answer, 2 days. 

In what time would a cistern be filled by cocks which would separ. 
ately fill it in 12^ 11, 10, and 9 hours ? — Answer^ 2 ^|^ hours. 

124. The principal results of this section may be exhibited algebrai- 
cally as follows ; let a, h, c, &c. stand for any whole numbers. Then, 

(107) J = J X « (108) j = ^ 

....vtt jC . ad be 

(111) T and - are the same as -r— i and 7-1 
^ ' b a bd bd 



* The method of solving this and the following question may be shewn thus : If the 
number of days in which each could reap the field is given, the part which each could 
do in a day by himself can be found, and thence the part which all could do together : 
this being known, the number of days which it would take all to do the whole can be 
found. 





FRACTIONS. 


("^) -A 


a+6 
c 


a_b 
c e " 


("3) hi 


ad+bc 

" bd 


a c 
b'^d 
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a-b 
c 

ad^bc 



bd 

a 
/iio\ a e ae /mix ^ j-.^ u c b ad 

("''^ 6 " 3 = 4rf ^^^^^ - div-by 3 or ^ = ^. 

d 

125. These results are true even when the letters themselves re- 

a 
present fractions. For example^ take the fraction — whose numerator 

d 

and denominator are fractional, and multiply its numerator and deno- 

— — no A^ 

minator by the fraction -, which gives -7^9 which (121) is rr-— > 
which dividing the numerator and denominator by ef (108), is -r- 



ad , h 



an 6c 
.. }( _ 

But the original fraction itself n ■=- \ hence = - — r* which cor- 

d d^f 

responds to the second formula* in (124). In a similar manner it 

may be shewn, that the other formuln of the same article are true, 

when the letters there used either represent fractions, or are removed 

and fractions introduced in their place. All formulie established 

throughout this work are equally true when fractions are substituted 

for whole numbers. For example (64), {m-¥n)a ^ma-^-na. Let m, 

V T b 

tt, and a be respectively the fractions -, -, and -. Then m + n is 

q 8 c 

pr ps + qr j / . x . ps + qr b (p8-\-qr)b 

- + - or ^, and (m + n) a is ^ x -, or ^^ ^—^ or 

at qs ^ ' qs e qsc 

psb-^qrb _ . .. ,__^. . psb . qrb , . , . p6 rb 

^ — . But this (112) IS - — + - — , which is ^— + — , since 

qso ^ ' qso qac qo so 

psb pb .qrb rJ,,... ^ pb p b , rb r b 
- — = ^— , and 2 — = — (108). But ^-- = - x -, and — = - x -. 
qto qo qsc so^ ' qo q so s c 

Therefore (m+n) a, or (- +- ) -as£x-+-x-. In a similar 

\q s/ q s 

manner, the same may be proved of any other formula. 
The following examples may be useful. 

b^d'^'f^h _ acfh-^-bdeg 

«xl + ixf aedh^bofg 

Q J n n 

* A formubi is a name given to any algebraical ezprenion which it commonly used. 
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a+i «*+' 



be+i 



I it 4. _£__ abe+a + c 



Thus, 



I 






7+8 

The rules that have been proved to hold good for all numbers, 
may be applied when the numbers are represented by letters. 



SECTION VI. 

DECIMAL FRACTIONS. 



126. We have seen (112) (121) the necessity of reducing fractions 
to a common denominator^ in order to compare their magnitudes. 
We have seen also how much more readily operations are performed 
upon fractions which have the same, than upon those which have 
different denominators. On this account it has long been customary, 
in all those parts of mathematics where fractions are often required, to 
use none but such as either have, or can be easily reduced to others 
having, the same denominators. Now, of all numbers, those which 
can be most easily managed are such as lo, loo, looo, &c., where i is 
followed by ciphers. These are called decimal numbers ; and a 
fraction, whose denominator is any one of them, is called a decimal 
TRACTION, or, more commonly, a decimal. 

127. A whole number may be reduced to a decimal fraction, or one 

decimal fraction to another, with the greatest ease. For example, 

54 ,, 942 ■„, 9422 „, 91222 (106) 5 J- i. A OP ■^, OP i521 (108). 
^^ 10 100 1000 ^ '10 100 1000 10000 ^ 

The placing of a cipher on the right-hand of any number is the same 
thing as multiplying that number by 10 (57)9 and this may be done as 
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often as we please in the numerator of a fraction, provided it is done- as 
often in the denominator (108). 

128. The next question is, How can we reduce a fraction which is 
not decimal to another which is, without altering its value ? Take, 
foit example, the fraction -^, multiply both the numerator and deno- 
minator successively by lo, loo, looo, &c., which will give a series of 

7 70 700 7000 

fractions, each of which is equal to -^ (108), viz. -^, -^ — , -^ , 

70000 '° 160 1600 16000 

, &c. The denominator of each of these fractions can be divided 



160000 

without remainder by 16, the quotients of which divisions form the 

series of decimal numbers 10, 100, 1000, loooo, &c. If, therefore, one 
of the numerators is divisible by 16, the fraction to which that numer- 
ator belongs has a numerator and denominator both divisible by 16. 
When that division has been made, which (108) does not alter the 
value of the fraction, we shall have a fraction whose denominator is one 

of the series 10, 100, 1000, &c., and which is equal in value to -^. 

16 

The question is then reduced to finding the first of the numbers 70, 
700, 7000, 70000, &c., which can be divided by 16 without remainder. 
Divide these numbers, one after the other, by 16, as follows • 



16)70(4 

64 


16)700(43 
64 


16)7000(437 
64 


16)70000(4375 
64 


6 


60 


60 


60 




48 


48 


48 




12 


120 


120 






112 
8 


112 

80 
80 



o 
It appears, then, that 70000 is the first of the numerators which is 
divisible by 16. But it is not necessary to write down each of these 
divisions, since it is plain that the last contains all which came before. 
It will do then to proceed at once as if the number of ciphers were without 
end^ to stop when the remainder is nothing, and then count the number 

of ciphers which have been used. In this case, since 70000 is 16 x 4375, 

70000 ,., . 16x4375 4375 . ., - ^. . , 

-^7 , which IS —z — , or , is the fraction required. 

160000 16 X 1 0000 1 0000 ^ 

Therefore, to reduce a fraction to a decimal fraction, annex ciphers 

o2 
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to «he namerator, and diyide by the denominator until there is no re- 
mainder. The quotient will be the numerator of the required fraction, 
«nd the denominator will be unity, followed by as many ciphers as were 
used in obtaining the quotient. 

EXEBCI8E8. 

Reduce to decimal fractions 



2 



2' 4' 25' 50' 1250 



33^, Mid ♦« 



625' 



Answer, — , — ^, 



8 



31416 



and 



7248 



10' 100' 100' lOO' lOOOO lOCOO 

129. It will happen in most cases that the annexing of ciphers to 
the numerator will never make it diyisible by the denominator without 
remainder. For example, try to reduce - to a decimal fraction. 

7)1000000000000000000, Slc, 
1428 57 142857 142857, &c. 
The quotient here is a continual repetition of the figures i, 4, 2, 
8, 5, 7, in the same order ; therefore - cannot be reduced to a decimal 
fraction. But, nevertheless, if we take as a numerator any number 
of figures froi^ the quotient 142857142857, &c., and as a denomiuator, 
I followed by as many ciphers as were used in making that part of the 
quetient, we shall get a fraction which differs very little from -, and 
which will differ still less from it if we put more figures in the numer- 



ator, and more ciphers in 


the denominator. 








Thus, — V 
10 I 


is lesE 
than 


V, 


-' i-A 


which is not so> i 
much as j 10 


H 




X 

7 


2 
700 






I 


100 








100 


142 




I 

7 


6 

7000 






I 


1000 








1000 


1428 




I 
7 


4 
70000 






1 


lOOOO 






1 0000 


14285 




I 
7 


5 






I 


lOOOOO 


700000 






I 00000 


142857 




I 

• • ^ * 

7 


I 




r • 


I 


I 000000 


7000000 




I 000000 


&c 




&c. 


&c. 






&c. 
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In the first colamn is a series of decimal fractions, which come 
nearer and nearer to -, as the third column shews. Therefore, though 

7 J 

we cannot find a decimal fraction which is exactly -, we can find one 
which differs from it as little as we please. 

EXERCISES. 

Make similar tables with) 3 17 , i 
these fractions J 91' 143' ^7* 

The recurring) 3 , , , « 

- > -=- IS 329670,320670, &C. 
quotient of / 91 J > / »^ > / » 

— ... 118881,118881, &c. 

143 

— ... 404858299595141700,4048582, &c. 

247 

130. The reason for the recurrence of the figures of the quotient 
in the same order is as follows : If 1000, &c. be divided by the number 
247, the remainder at each step of the division is less than 247, being 
either o, or one of the first 246 numbers. If, then, the remainder never 
becomes nothing, by carrying the division far enough, one remainder 
will occur a second time. If possible, let the first 246 remainders be 
all different, that is, let them be i, 2, 3, &c. up to 246, variously dis- 
tributed. As the 247th remainder cannot be so great as 247, it must be 
one of these which have preceded. From the step where the remainder 
becomes the same as a former remainder, it is evident that former figures 
of the quotient must be repeated in the same order. 

131. You will here naturally ask, What is the use of decimal frac- 
tions, if the greater number of fractions cannot be reduced at all to 
decimals ? The answer is this : The addition, subtraction, multipli- 
cation, and division, of decimal fractions, are much easier than those 
of common fractions; and though we cannot reduce all common frac- 
tions to decimals, yet we can find decimal fractions so near to each of 
them, that the error arising from using the decimal instead of the common 
fraction will not be perceptible. For example, if we suppose an inch 
to be divided into ten million of equal parts, one of those parts by itself 
will not be visible to the eye. Therefore, in finding a length, an error 
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of a ten-millionth part of an inch is of no consequenoe, even where the 
finest measurement is necessary. Now, by carrying on the table in 

(129), we shall see that — — ^^ does not differ from - by ; 

^ '' looooooo * 7 ' lOOOOOOO 

and if these fractions represented parts of an inch, the first might be 
used for the second, since the difference is not perceptible. In applying 
arithmetic to practice, nothing can be measured so accurately as to be 
represented in numbers without any error whatever, whether it be 
length, weight, or any other species of magnitude. It is therefore 
unnecessary to use any other than decimal fractions ; since, by means 
of them, any quantity may be represented with as much correctness as 
by any other method. 

EXEBCISES. 

Find decimal fractions which do not differ from the following frac- 

¥ 

tions by 



lOOOOOOOO 

Hl-^n^^r, 3-830985 . 

355 100000000 



3 looooocoo 

4 5714*857 



355 314159292 

7 loooooooo I 113 lOOCOOOOO 

132. Every decimal may be immediately reduced to a quantity con- 
sisting either of a whole number and more simple decimals, or of mor^ 
simple decimals alone, having one figure only in each of the numerators. 

Take, for example, iiZl^. By (115) '^^^^ is 147-^^ ; and since 
' '^ 1000 ' ^ ' looo 1000 

326 300 20 
326 is made up of 300, and 20, and 6 ; by (112) -= — » -= — + 



1000 1000 1000 



.. But (108) ^21 u-i, and -^ is—. Therefore ilZli* i. 



1000 ' 1000 10 1000 100 1000 

4 2 6 

made up of 147 + — + V . Now, take any number, for 

'^ ^ xo 100 1000 •' 

example, 147326, and form a number of fractions, having for their 
numerators this number, and for their denominators i, 10, 100, 1000, 
loooo, &c., and reduce these fractions into numbers and more simple 
decimals, in the foregoing manner, which will give the table on the 
following page. 
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EXERCISES. 

lUduoe tli0' foUowing frtctions into a series of numben and more 

simple fractions : 

31415926 31415926 

100 ' 

2700031 



10 

270003 1 
10 ' 

2073000 
10 ' 

3331303 
1000 ' 



100 
2073000 
100 ' 

3331303 
10000 ' 



&c. 



2 







1 4 

S* 3. 



^1 

1 



I 



3 



o 
o 



:5 8 

u> O 

^ Q 

O^ 



5 3. O 



o 
o 
o 



o 
o 
o 
o 



o 
o- 

o 
o 
o 



8 

o 
o 
o 
o 



u» 



I* 

ON 



4^ 



8 

o 
o 



•^ 


H 


4^ 




•^ 




•^ 


4^ 


•va 





^ 


8 


^ 


M 


^ w 


>»i 


i>* 





(>> 


u* 





M "^ 


u» 


t» 


Q 


ki 


^ 




N 


N 


as 




o> 




as 




a* 


as 



II II II II 11 II II H 



+ 



81* 

+ 



8 

o 



u» 



O 
O 



OS 



■1^ 






■^ 

•^ 



^ •») u> »> 

+ + + + + 

Sk Sh Sh Sl»> S|o> 
+ + + + 

gioN 



ON 



8r sr p'" 



8 

o 



8 

O 

o 



8 

O 

8 



u» 



as 



+ 

M I 

8 »• 



ON 



o 
o 
o 



o 

O 
O 



O 
52! 

O 






O 



V 

1 



8 

O 



OS 
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133. If, in this table, and others made in the same manner, you 
look at those fractions which contain a whole number, you will see that 
they be made thus : Mark off, from the right hand of the numerator, 
as many figures as there are ciphers in the denominator, by a point, or 

any other convenient mark. 

147^26 
This will give 14732*6 when the fraction is —2^-= — 



1473*26 
147*326 



10 

100 
147326 



1000 
&c. &c. 

The figures on the left of the point, by themselves make the whole 
number which the fraction contains. Of those on its right, the first is 
the numerator of the fraction whose denominator is 10, the second of 
that whose denominator is 100, and so on. We now come to those 
fractions which do not contain a whole number. 

134. The first of these is -^^ — in which the number of ciphers in 

lOOOOOO 

the denominator is the same as the number ot figures in the numerator. 
If we still follow the same rule, and mark off all the figures, by placing 
the point before them all, thus, '147326, the observation in (133) still 
holds good ; for, on looking at — in the table, we find it is 

1473 2 6 



10 100 1000 I 0000 I 00000 lOOOOOO 

The next fraction is — ^^ , which we find by the table to be 

looooooo ' 

* . 4 . 7 3 31 6 

+ --^ + — '- — + — ^ — + + , 

100 1000 lOOCO looooo lOOOOOO lOOOOOOO 

In this, I is not divided by 10 but by 100 ; if, therefore, we put a 
pmnt before the whole, the rule is not true, for the first figure on the 
left of the point has the denominator which, according to the rule, the 
second ought to have, the second that which the third ought to have, 
and so on. In order to keep the same rule for this case, we must 
contrive to make i the second figure on the right of the point instead 
of the first. This may be done by placing a cipher between it and the 
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point, thas, *o 147 3 26. Here the rule holds good, for by that rule this 
fraction is 

0147 1 2 6 

10 icx> 1000 1 0000 icx>ooo 1 000000 1 0000000 

I 

which is the same as the preceding line, since — is o, and need not be 
reckoned. 

Similarly, when there are two ciphers more in the denominator than 
there are figures in the numerator, the rule will be true if we place two 
ciphers between the point and the numerator. The rule, therefbre, 
stated fuUy is this : 

To reduce a decimal fraction to a whole number and more simple 
decimals, or to more simple decimals alone if it does not contain a whole 
number, mark off by a point as many figures from the numerator as 
there are ciphers in the denominator. If the numerator has not places 
enough for this, write as many ciphers before it as it wants places, and 
put the point before these ciphers. Then, if there are any figures before 
the point, they make the wTiole number which the fraction contains. 
The first figure after the point with the denominator 10, the second with 
the denominator 100, and so on, are the fraotians of which the first 
fraction is composed. 

135. Decimal fractions are not usually written at full length. It is 
more convenient to write the numerator only, and to cut off from the 
numerator as many figures as there are ciphers in the denominator, 
when that is possible, by a point. When there are more ciphers in the 
denominator than figures in the numerator, as many ciphers are placed 
before the numerator as will supply the deficiency, and the point is 
placed before the ciphers. Thus, '7 will be used in future to denote 

7 7 

— , '07 for — ^, and so on. The following tables will gi^e the whole of 
10 100 

this notation at one view, and wiU shew its connexion with the decimal 
notation explained in the first section. You will observe that the 
numbers on the right of the units* place stand for units divided by 10, 
100, 1000, &c while those on the left, are units multiplied by 10, 100, 
1000, &c. 
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The student is recommended alirays to write the dedmal point in a 
line with the top of the figures, or in the middle, as is done here, and 
never at the bottom. The reason is, that it is usual in the higher 
branches of mathematics to use a point placed between two numbers 
or letters which are multiplied together; thus, 15.16, a.&, a-\-b,c-\-d 
stand for the products of those numbers or letters. 
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IV. In ia34'56789 
inches, the 



1 18 looo inches 

2 is 200 

3 is 30 

4 



4 IS 

5 « 

6 is 

7 w 

8 is 

9 is 



-^ of an inch 

10 

6 

100 

7 



1000 
8 

I coco 

9 

lOOOOO 



136. The ciphers on the right hand of the decimal point serve the 
same purpose as the ciphers in (10). They are not counted as any 
thing themselves, but serve to shew the place in which the accompany- 
ing numbers stand. They might be dispensed with by writing the 
numbers in ruled columns, as in the first section. They are distin- 
guished from the numbers which accompany them by calling the latter 
significant figures. Thus, '0003747 is a decimal of seven places with 
four significant figures, '346 is a decimal of three places with three 
significant figures, &c. 

137. The value of a decimal is not altered by putting any number 
of ciphers on its right. Take, for example, '3 and '300. The first (135) 

is -^, and the second -= — , which is made from the first by multiplyinfi: 

10 lOCO ' r J o 

both its numerator end denominator by 100, and (108) is the same 
quantity. 

' 138. To reduce two decimals to a common denominator, put as many 
ciphers on the right of that which has the smaller number of places as 
will make the number of places in both fractions the same. Take, 
for example, '54 and 4*3207. The first is -^ and the second ^ ^ . 

Multiply the numerator and denominator of the first by 100 (108), 

which reduces it to — — , which has the same denominator as ^ . 

CAQO loooo 10000 

But -^ is *54oo (135). In whole numbers, the decimal point should 
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be placed at the end : thus, 129 should be written 129*. It is, howerer, 

usual to omit the point, but you must recollect that 129 and 129*000 are 

the same thinir, since the first is 12a and the second — . 

° ^ 1000 

IS9. The rules which were given in the last chapter for addition, 
subtraction, multiplication, and division, apply to all fractions, and 
therefore to decimal fractious among the rest. But the way of writing 
decimal fractions^ which is explained in this chapter, makes the appli- 
eation of these rules more «imple. We proceed to the different cases. 

Suppose it required to add 42*634, 45*2806, 2*001, and 54. By (112) 
these must be reduced to a common denominator, which is done ( 138) 
by writing them as follows: 42*6340, 45*2806, 2*0010, and 54*0000. 
These are decimal fractions, whose numerators are 426340, 452806, 
20010, and 540000, and whose common denominator is loooo. By 
(112) their sum is - — — ^^ "^ , which is ^"^"^ 

^ ' lOOOO lOOOO 

or 143*9156. The simplest way of doing this is as follows: write the 

decimals down under one another, so that the decimal points may fall 

under one another, thus : 

42*634 
45*2806 

2*OOI 

54 
143*9156 

Add the diff'erent columns together as in common addition, and place the 
decimal point under the other decimal points. 

EXERCISES. 

"What Is 1527 + 64*732094 + 2*0013 + *oocoi974 ; 
2276*3 + *io7+ *9 + 26*3172 + 56732*001 ; 
and i*ii + 7*7 + *oo39 + *ooi42 + *8838 ? 

Answer, i593'7334i374> 59035 6252, 9*69912. 

140. Suppose it required to subtract 91*07324 from 137*321. These 
fractions when reduced to a common denominator are 91*07324 and 

I2752100 — 107724 

137*32100 (138). Their diff^erence is therefore --^^ 2 i-3, 

which is - — ^- or 46*24776. Tiiis may be most simply done as 

lOOOOO T T// J 
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follows : write tlie less immber under the greater, so that its decimal 
point may fall under that of the greater, thuf : 

137-321 
91*07324 

46*24776 

Subtract the lower from the upper line, and wherever there is a figure 
in one line and not in the other, proceed as if there were a cipher in 
the vacant place. 

EXERCISES. 

What is 12362— 274*22 107 + '5; 

9976*2073942 — •00143976728 ; 
and 1*2 + *o3 + '004— -0005 ? 

Answer^ 12088*27893, 9976*2059544.3272, and 1*2335. 

141. The multiplication of a decimal by 10, 100, 1000, &c., is 

performed by merely moving the decimal point to the right. Suppose, 

for example, 13*2079 is to be multiplied by 100. The decimal is 

-^^-^, which multiplied by loo is (117) -=■ ^, or 1320*79. Again, 

. 1309 /.,«\ 130900000 
1*300x100000 13 ■ X looooo, or (116) -=^— ^ or 130900. 

^ ^ 1000 ^ ' 1000 •* '' 

From these and other instances we get the following rule:— To multiply 
a decimal fraction by a decimal number (126), move the decimal point 
as many places to the right as there are ciphers in the decimal number. 
When this cannot be done, add ciphers to the right of the decimal (137) 
until it can. 

142. Suppose it required to multiply 17*036 by 4*27. The first of 

these decimals is , and the second ^—^. By (118) the product of 

1000 100 ' ^ / ■'^ 

these fractions has for its numerator the product of 17036 and 427, and 
for its denominator the product of 1000 and, 100; ther^ore this product 
18 L-lZJ. — or 72*74372. This may be done more shortly by multiply- 
ing the two numbers 17036 and 427, aud cutting off by the decimal 
point as many places as there are decimal places both in. 17*036 and 4*27, 
because the product of two decimal numbers will cont&in as many ciphers 
as there are ciphers in both. 

143. This question now arises : What if there should not be as 



; ,^ 
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many figares in the product as there are decimal places in the multiplier 
and multiplicand together ? To see what must be done in this case, 

multiply 'ijz by 'loi, or — ^ by . The product of these two is 

— /-^^ — or 'OI7372 (136). Therefore, when the number of places in 
the product is not suficient to allow the rule of the last artide to be 
followed, as many ciphers nmst be placed at the beginning as will make 
up the deficiency. 

ADDITIONAL EXAMPLES. 

*ooi y *Gi is 'ooooi 
56 X *oooi is '0056. 

EXERCISES. 

Shew that 

3*oo2 X 3*oo2 ■= 3X3 + ax3x '002 + '002 x •002 
ii'56o9X5'3i9i =» 8*44xg*44— 3'i209X3»i209 
8*217 X lo'coi «s 8 X 10 + 8 X •001 + 10 X •217+ '001 X •217. 

Cube. 
570135*233088 

•000005 I 777 I 7 

2*924207 



Fraction. 




Square. 


81*92 




6875*7264 


•0173 




•00029929 


1*43 




2-0449 


•009 




•000081 


15*625 X 


64 = 


1000 


1*5625 X 


.64- 


I 



•000000729 

•15625 X '64 « •! 
1562*5 X '064 ss 100 
-015625 X •0064 n *OOOI 15625000 X •064 B 1000000 

144. The division of a decimid by a decimal number, such as 10, 
100, 1000, &c., is performed by moving the decimal point as many 
places to the left as there are ciphers in the decimal number. If there 
are not places enough in the dividend to allow of this, annex ciphers 
to the beginning of it until there are. For example, divide 1734*229 
by 1000 : the decimal fraction is -2H — 2^ which divided by 1000 (123) 
is ^734^^9 ^ I •734220. If, in the same way, 1*2106 be divided by 

lOOOOOO /JT ;r 7 jw 

locoo, the result is *oooi2io6. 

145. Before proceeding to shorten the rule for the division of one 
decimal fraction by another, it will be necessary to resume what was 
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said io (128) upon the rfduction ef any tfBCthik to a decimal fraction. 
It was there shewn that -^ is the same fraction as *^^^ or *437(;. 
As another example, convert -^ into » decimal fraction. Follow the 
same process as in (108), thus: 

128)300000000000(1343(75 480 

*56 384 



440 960 

384 896 

560 640 

480 o 

Since 7 ciphers are nsed, it appears that 30000000 is the first oi 
the series 30, 300, &c., which is divisible by 128 ; and therefore -^, 

or, which is the same Uiiiwr (108), 3oo^>oo<x? j^ ^^ ^ ^^^^^^ 

-o \ /7 1280000000 * lOOOOOOO 

or '0234375 (136). 

From these examples the rule for reducing a fraction to- a decimal 
is:— > Annex ciphers to the numerator; divide by the denominator, 
and annex a cipher to each remainder, after the figures of the numerator 
are all used, proceeding exactly as if the numerator had an unlimited 
number of cif^ers annexed to it, and was to be divided by the deno- 
minator. Coitiuue this process until there is no remainder, and 
observe how many ciphers have been used. Place the decimal point in 
the quotient so as to cut off as many figures as you have used ciphers ; 
and if there be not figures enough for this, annex ciphers to the 
beginning until there are places enough. 

146. From what was shewn in (129) it appears that it is not every 
fraction which can be reduced to a decimal fraction. It was there 

«hewn, however, that there is no fraction to which we may not find a 

, , . 1 «i. ' 14 14* '4^8 

decimal fraction as near as we please. Thus, — , —-2-, --=--, 



g 10 100 1000 lOCOO 

— — ^, &c., or *i, *i4, '142, '1428, '142^5, were shewn to be fractions 

lOOOOO J 

which approach nearer and nearer to ^. To find either of these frac- 

7 
tions, the rule is the same as that in the last article, with this exception, 

that, I. instead of stopping when there is no remainder, which never 

h2 
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happens, stop Bt any part of the process, and make as many decimal 
places in the quotient as are equal in number to the number of ciphers 
which have been used, annexing ciphers to the beginning when this 
cannot be done, as before. II. instead of obtaining a fraction which is 
exactly equal to the fraction from which we set out, we get a fraction 
which is very near to it, and may get one still nearer, by using more 
of the quotient. Thus, '1428 is very near to -, but not so near as 
'142857 ; nor is this last, in its turn, so near as '142857142857, &c. 

147. If there should be ciphers in the numerator of a fraction, these 
must not be reckoned with the number of ciphers which are necessary 
in order to foUow the rule for changing it into a decimal fraction. 

Take, for example, ; annex ciphers to the numerator, and divide 

'^ 125 ^ 

by the denominator. It appears that 1000 is divisible by 125, and that 

the quotient is 8. One cipher only has been annexed to the numerator, 

and therefore 100 divided by 125, is *8. Had the fraction been , 

125 

since 1000 divided by 125 gives 8, and three ciphers would have been 
annexed to the numerator, the fraction would have been *oo8. 

148. Suppose that the given fraction has ciphers at the right of its 

■2 1 

denominator ; for example, -=■ — . The annexing a cipher to tike nu- 
merator is the same thing as taking one away from the denominator ; 

for, (108) -^— is the same thmg as -^— , and as =—, The rule 

^ ' 2500 250 2500 25 

therefore is, in this case : Take away the ciphers from the denominator; 
annex ciphers to the numerator; proceed as before; and in counting 
how many ciphers have been used, reckon not only the ciphers which 
have been annexed to the numerator, but also those which have been 
taken away from the denominator. 

EXERCISES. 

Reduce the following fractions to decimal fractions : 

' 36 297 ,„j I 



800' 1250' 64 ' 128' 

Answer, '00125, '0288, 4*640625, and '078125. 

Find decimals of 6 places very near to the following fractions : 

27 156 22 194 2637 I I ^^^ 3 
49 33 37000 13 9907 2908 466 277 
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Answer^ • 55 loaOj 4727272, '000594, 14'923076, •266175, •QP03438, 
'002I459, ^^^ *oio8303« 

149. From (121), It appears^ that if two fractions have the same 

denominator, the first may be divided by the second by dividing the 

nnmerator of the first by the numerator of the second. Suppose it 

require^ to divide 17*762 by 6*25. These fractions (138), -when redueed 

to a common denominator, are 17*762 and 6*250, or — ^^ — and — ^, 

17762 *ooo ^ooo 

Their: quotient is therefore -^ — ^, which must now be reduced to a 

decimal fraction by the last rule. The process at -full length is as 

follows : Leave out the cipher in the denominator, and annex ciphers 

to the numerator, or, which will do as well, to the remainders, when it 

becomes necessary, and divide as in (145)« 

625)17762(284192 Here four ciphers have been annexed to the 

'^5Q numerator, and one has been taken from the 

5262 denominator. Make five decimal places in the 

quotient, which then becomes 2*84192, and this 

is the quotient of 17762 divided by 6*25. 

150. The rule for division of one decimal by 

1200 ^ 

625 another is as follows : Equalise the number of 

5750 decimal places in the dividend and divisor, by 

56^5 annexing ciphers to that which has fewest places. 

1250 Then, further, annex as many ciphers to the 

L^ dividend * as it is required to have decimal places, 

throw away the decimal point, and operate as in 
common division. Make the required number of decimal places in 
the quotient. 

Thus, to divide 67173 by '014 to three decimal places, I first write 
67173 and *oi4o, with four places in each. Having to provide for three 
decimal places, I should annex three ciphers to 67173 ; but, observing 
that the divisor '0140 has one cipher, I strike that one out and annex 
two ciphers to 6 7173. Throwing away the decimal points, then divide 

* Or remove ciphers from the divisor ; or make up the number of ciphers partly by 
removing from the divisor, and annexing to the dividend, if there be not a sufiBcient 
number in the divisor. 



5000 

2620 
2500 
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6717300 by 014 or 14, in the atiud way, wUdi gtirw tba qaotieat 479S07 
and tlie remainder 2. Hence 479*807 is the answer. 

Or the following rale may be ttsed : JSzpunge the decimal point of 
the divisor, and move that of the dividend aa many places to the right 
as there were places in the divisor, using ciphers if necessary. Then 
proceed as in common division, maidng one decimal place in the qaolient 
for every decimal place of the final divisor which is used* Thus 17*314 
divided by 6i*a is 173*14 divided by iia, and the dedmal point must 
precede the first figure of the tpaotient. But 17*3 14 divided by 6617*5 
is 173*14 by 66175 ; and since three decimal places of 173*14000 .... 
must be used before a ijuotient figure can be found, that qnottent figure 
is the third decimal place, or the quotient is *ooa . • • . • 

EXAMPLES. 

7»i *ooo6a -_ 

^ '- 1240, ^ — *ooo96875. 



•0025 *64 

If the remainder never becomes o, the same rule will apply, if we 
stop at any part of the quotient, and count the number of ciphers, and 
proceed afterwards in the same manner. 

SXEECISES. 

i5'oo6 K 15*006 — *oo4 X *oo4 , , 

Shew that -^ -^ ■• 15*002, and that 

•01 X 'Ol K 'OI 4 2*0 K 2*9 X 2*9 

— Z 2 c tM 2*axa«o^2*9X*oi-f *oi x'oi. 

2*91 

I I 36c 

What are — , ^ '• , and — %-^— , as far as 6 places 

3*14159 27182818 •18349 *^ 

of decimals ? — ^njtt'er, '318310, '367879, and 1989*209221 

Calculate 10 terms of each of the following series, as far as 5 i^aces 
of decimals. 

, + i 4 + + .. 4 Ac «s» 1*71824. 

2 2x3 2x3x4 2x3x4x5 

1^-4^4.4.4 &c. ■» 2-92895^ 
a 3 4 5 

80 81 82 83 84 . «« «- 
--•f — 4 — 'f — 4--^ + &C« » 0*88286. 

81 82 83 84 ^ 85 ^ yoozou. 

151. We now enter upon methods by which unnecessary trouble is 
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saved in the oompatation of decimal qnaatitiet. And first, suppose a 

number of miles has been measured, and found to be 17*846217 miles. 

If you were asked bow many miles there are in this distance, and a rough 

answer were required which should give miles only, and not parts of 

miles, you would probably say 17. But this, though the number of whole 

miles contained in the distance, is not the nearest number of miles ; for, 

since the distance is more than 17 miles and 8 tenths, and therefore 

more than 17 miles and a half, it h nearer the truth to say, it is 18 

miles. This, though too great, is not so much too great as the other 

was too little, and the error is not so great as half a mile. Again, if 

the same were required within a tenth of a mile, the oorreet answer is 

17*8 ; for though this is too little by '046117, yet it is not so much too 

little as 17*9 is too great ; and the error is less than half a tenth, or 

— . Again, the same distance, wi&in a hundredth of a mile, is more 

correctly 17*85 than 17*84, since the last is too little by '006217, which 

is greater than the half of *oi ; and therefore 17*84+ *oi is nearer the 

truth than 17*84. Hence this general rule : When a certain number of 

the decimals given is sufficiently accurate for the purpose, strike off the 

rest from the right hand, observing, if the first figure struck off is equal 

to or greater than 5, to increase the last remaining figure by i. 

The following are examples of a decimal abbreviated by one place at 

a time. 

3*i4i59» 3*i4i6> 3*i4a> 3'i4» Th 3*o 
2*7182818, 2*718282, 2*71828, 2*7183, 2*718, 2*72, 2*7, 3*0 

1*9919, 1*992, 1*99, 2*00, 2*0 

152. In mnltiplication and division it is useless to retain more plaoes 
of decimals in the result than were certainly correct in the multiplier, 
&c., which gave that result. Suppose, for example, that 9*98 and 8*96 
are distances in inches which have been measured correctly to two plaoes 
of decimals, that is, wi&in half a hundredth of an inch each way. Tlie 
real value of that which we call 9*98 may be any where between 9*975 
and 9*985, and that of 8*96 may be any where between 8*955 and 8*965. 
The product, therefore, of the numbers which represent the correct dis- 
tances will lie between 9*975 x 8*955 and 9*985 x 8*965, that is, taking 
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three decimal places in the products, between 89*326 and 89*516. The 
product of the actual numbers given is 89*4208. It appears, then^ that 
in this case no more than the whole number 89 can be depended upon 
in the product, or, at most, the first place of decimals. The reason is, 
that the error made in measuring 8*96, though oiily in the third place 
of decimals, is in the multiplication increased at least 9*975, or nearly 
10 times ; and therefore affects the second place. The following simple 
rule will enable us to judge how far b. product is to be depended upon. 

Let a be the multiplier, and 5 the multiplicand ; if these be true only 

a + 6* 
to the first decimal place, the product is within — of the truth ; if to 

two decimal places, within ; if to three, within ; and so on. 

^ 200 2000 

Thus, in the above example, we have 9*98 and 8*96, which are true to 
two decimal places s their sum divided by 200 is *o947, and their pro- 
duct is 89*4208, which is therefore within '0947 of the truth. ' If, in 
fact, we increase and diminish 89*4208 by '0947, we get 89*5155 and 
89*3262, which are very nearly the limits found, within which the 
product must lie. We see, then, that we cannot in this case depend 
upon the first place of decimals, as (151) an error of *05 cannot exist, 
if this place be correct ;' and here is a possible error of '09, and upwards. 
It is hardly necessary to say, that if the numbers given be exact, their 
product is exact also, and that this article applies where the numbers 
given are correct only to a certain number of decimal places. The rule 
is : Take half the sum of the multiplier and multiplicand, remove the 
decimal point as many places to the left as there are correct places of 
decimals in either the multiplier or multiplicand ; the result is the 
quantity within which the product can be depended upon. In division, 
the rule is : Proceed as in the last rule, putting the dividend and divisor 
in place of the multiplier and multiplicand, and divide by the square of 
the divisor ; the quotient will be the quantity within which the division 
of the first dividend and divisor may be depended upon. Thus, if 
17*324 be divided by 53*809, both being correct to the third place, their 
half sum will be 35*566, which, by the last rule, is made '035566, and 

• These an not quite correct, but sufficiently so for every practical purpose. * 
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is to be divided by the square of 53*809, or, whicli will do as well for 

our purpose, the square of 50, or 2500. The result is something less 

than '00002, so that the quotient of 17*324 and 53*809 can be depended 

on to four places of decimals. 

153. It is required to multiply- two decimal fractions together, so 

as to retain in the product only- a given number of decimal places, and 

dispense with the trouble of finding the rest. First, it is evident that 

we may write the figures of any multiplier in a contrary order (for 

example, 43&i instead of 1234), provided that in the operation we move 

each line one place to the right instead of to the left, as in the following 

example : 

2221 2221 

1^34 43*1 



8884 
6663 
4442 
2221 



2221 
4442 
6663 
8884 



3488414 
44703 1 5 



2740714 47407 H 

Suppose now we wish to multiply 348*8414 by 51*30742, reserving 
only four decimal places in the product. If we reverse the multiplier, 
and proceed in the manner just pointed out, we have the following : 

Cut off, by a vertical line, the first four places 
of decimals, and the columns which produced 
them. It is plain that in forming our abbre- 
viated rule, we have to consider only, I. all that 
is on the left of the vertical line ; II. all that is 
carried from the first column on the right of 
the line. On looking at the first column to the 
left of the line, we see 4, 4, 8, 5, 9, of which the 
first 4 comes from* 4 x i', the second 4 from 1 x 3', the 8 from 8 x 7', 
the 5 from 8 x 4', and the 9 from 4x2'. If, then, we arrange the 
multiplicand and the reversed multiplier thus, 

3488414 
2470315 



17442070 

3488414 

1046524 

24418 

1395 
69 



2 

898 
3656 
76828 



17898*1522 



23188 



• The 1' here means that the 1 is in the multiplier. 
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each figure of the maltipUer is placed under the first figure of the 
multiplicand which is used with it in forming the first /our places of 
decimals. And here observe^ that the units' figure in the multiplier 
51*30742, viz. I, comes under 4, the /our/A decimal place in the multi* 
plicand. If there had been no carrying from the right of the vertical 
line, the rule would have been : Reverse the multiplier, and place it 
under the multiplicand, so that the figure whidi was the units* figure 
in the multiplier may stand under the last place of decimals in the 
multiplicand, which is to be preserved ; place ciphers over those figures 
of the multiplier whicli have none of the multiplicand above them, if 
there be any : proceed to multiply in the usual way, but begin each 
figure of the multiplier with the figure of the multiplicand which comes 
above it, taking no account of those on the right : place the first figures 
of all the lines under one another. To correct this rule, so as to allow 
for what is carried from the right of the vertical line, observe that this 
consists of two parts, Ist, what is carried directly in the formation of 
the different lines, and 2dly, what is carried from the addition of the 
first column on the right. The first of these may be taken into account 
by beginning each figure of the multiplier with the one which comes 
on its right in the multiplicand, and carrying the tens to the next 
figure as usual, but without writing down the units. But both may be 
allowed for at once,' with sufficient correctness, on the principle of (151), 
by carrying i from 5 up to 15, 2 from 15 up to 25, &c.; that is, by 
carrying the nearest ten. Thus, for 37, 4 would be carried, 37 being 
nearer to 40 than to 30. This will not always give the last place quite 
correctly, but the error may be avoided by setting out so as to keep one 
more place of decimals in the product that is absolutely required to be 
correct. The rule, then, is as follows : 

154. To multiply two decimals together^ retaining only n decimal 
places. 

I. Reverse the multiplier, strike out the decimal points, and place 
the multiplier under the multiplicand, so that what was its units' figure 
shall fall under the nfi^ decimal place of the multiplicand^ placing ciphers, 
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if necessary, so that every place of the multiplier shall have a figare or 
cipher above it. 

II. Proceed to multiply as usual, beginning each figure of the 
multiplier with the one which is in the place to its right in the multi- 
plicand: do not set down this first figure, but carry its nearest ten 
to the next, and proceed. 

III. Place the first figures of all the lines under one another ; add 
as usual ; and mark off n places from the right for decimals. 

It is required to multiply 136*4072 by 1*30609, retaining 7 decimal 
places. 



1364072000 
90603 1 

1364072000 

409221600 

8184432 

122766 

178*1600798 
*447i6i8 

3*7719214 
37719214 

8161744 

15087686 

1508768 

264034 

377a 

2263 

38 

30 

1*6866591 



In the following examples the first two lines 
are the multiplicand and multiplier ; and the num- 
ber of decimals to be retained will be seen from 
the results. 



33*166248 
1*4142136 

033166248 
63124141 

3316625 

1326650 

33166 

13266 

663 

33 
10 

2 



3*4641016 
1732*508 

346410160 

8052371 

346410160 

242487112 

10392305 

692820 

173205 

^77' 

6001*58373 



46*90415 

Exercises may be got from article (143). 

155. With regard to division, take any two numbers, for example, 
16*80437921 and 3*142, and divide the first by the second, as far as 
any required number of decimal places, for example, five. This gives 
the following : 
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3-142) 


1 6* 8043792 1(5* 348 30 
15 710 




10943 
9426 




(A) 




15177 
12568 




2609 
2514 


. 


2609 
2513 


9 
6 


95 
94 




96 
94 


3* 
26 


X 




2 


061 



Now, cut off by a vertical line, as in (153)^ all the figures which 
come on the right of the first figure 2, in the last remainder 2061. As 
in multiplication, we may obtain all that is on the left of the vertical 
line by an abbreviated method, as represented at (A). After what haS 
been said on multiplication, it is useless to go further into the detail ; 
the following rule will be sufficient : To divide one decimal by another, 
retaining only n places : Proceed one step in the ordinary division, and 
determine, by (150), in what place is the quotient so obtained ; proceed 
in the ordinary way, until the number of figures remaining to be found 
in the quotient is less than the number of figures in the divisor : if this 
should be already the case, proceed no further in the ordinary way. 
Instead of annexing a figure or cipher to the remainder, cut off a figure 
from the divisor, and proceed one step with this curtailed divisor as 
usual, remembering, however, in multiplying this divisor, to carry the 
nearest ten, as in (154), from the figure which was struck off; repeat 
this, striking off another figure of the divisor, and so on, until no 
figures are left. Since we know from the beginning in what place the 
first figure of the quotient is, and also how many decimals are required, 
we can tell from the beginning how many figures there will be in the 
whole quotient. If the divisor contains more figures than the quotient, 
it will be unnecessary to use them : and they may be rejected, the rest 
being corrected as in (151) : if there are ciphers at the beginning of the 
divisor, if it be, for example, '003178, since this is , divide by 
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'3178 in the usual way, and afterwards multiply tlie quotient by 100, 
or remove tlie decimal point two places to the right. If, therefore, six 
decimals be required, eight places must be taken in dividing by '3178, 
for an obvious reason. In finding the last figure of the quotient, the 
nearest should be taken, as in the second of the subjoined examples. 



Places required, 
Divisor, 


2 
•41432 


8 
3-1415927 


Dividend, 


673-1489 
4143* 


2-71828180 
2-51327416 




258 828 
248 592 


20500764 
18849556 




10 237* 
8286 


1651208 
1570796 




I 951 

I 657 


80412 
62832 




294 
290 


17580 

1570*8 




4 

4 


1872 
1571 







301 
283 

18 


Quotient, 


1624*71 


11 
•86525596 



Examples may be obtained from (143) and (150) 



SECTION VII. 

ON THE EXTRACTION OF THE SQUARE ROOT. 

156. We have already remarked (66), that a number multiplied by 
itself produces what is called the square of that number. Thus, 169, 
or 13 X 13, is the square of 13. Conversely, 13 is called the square root 



* This is written 7 instead of 6, because the figure which is abandoned in the 
diTidend is 9 (151). 
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of 169^ and 5 18 the square root of 25 ; and any number Is the square root 
of another, which when multiplied by itself will produce that other. 
The square root is signified by the sign a/ or V~ ; thus, V25 means 
the square root of 25, or 5 ; ^^^16 + 9 means the square root of 16 + 9, 
and is 5, and must not be confounded with \/x6+ //9, which is 4 + 3, 
or 7. 

157. The following equations are evident from the definition : 

Va X tja = a 
"^^aa = a 

( ^a X ^h) X ( Va X ^b) = ^/a^ ^a't^ Vbx^ Vb =1 ab 
whence Va x ^6 = ^ab 

158. It does not follow that a number has a square root because it 
has a square ; thus, though 5 can be multiplied by itself, there is no 
number which multiplied by itself will produce 5. It is proved in 
algebra, that no fraction* multiplied by itself can produce a whole 
number, which may be found true in any number of instances ; there- 
fore 5 has neither a whole nor a fractional square root ; that is, it has 
no square root at all. Nevertheless, there^re methods of finding frac- 
tions whose squares shall be as near to 5 as we please, though not 

I C127 
exactly equal to it. One of these methods gives z^ ^ , whose square, 

. 15127 15127 228826129 ^705 4 

VIZ. / ^ X / ., ■ or 2 ^, differs from 5 by only 7- , 

6765 6765 45765**5 J / / 45765225' 

whidi is less than 'oocoooi : hence we are enabled to use a/5 in arith- 
metical and algebraical reasoning : but when we come to the practice 
of any problem, we must substitute for v'5 one of the fractions whose 

square is nearly 5, and on the degree of accuracy we want, depends 

12^ 
what fraction is to be used. For some purposes, — - may be sufficient, 

as its square only differs from 5 by — ^ ; for others, the fraction first 

given might be necessary, or one whose square is even nearer to 5. We 

proceed to shew how to find the square root of a number, when it has 



7 16 
* Meaning of course a really firactioDal number, such as -^ or — * not one which* 

o 

though Pactional in form, is whole in reality, such as -^ or -^. 
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one, and from thence how to find fractions whose flquares shall be as 
near as we please to the number, when it has not. We premise, what 
is sufficiently- evident, that of two numbers, the g^reater has the greater 
square ; and that if one number lies between two others, its square lies 
between the squares of those others. 

169. Let 0? be a number consisting of any number of parts, for 
example, four, viz. a, b, o, and d ; that is, let 

-B «s a + 5 + c+d 

The square of this number, found as in (68), will be 

aa + aa(6 + o + rf) 

'^rOC^\^^cd 

■{-dd 

The rule there found for squaring a number consisting of parts was : 
Square each part, and multiply all that come after by twice that part, 
the sum of all the results so obtained will be the square of the whole 
number. In the expression above obtained, instead of multiplying za 
by each of the succeeding parts, 6, c, and cf, and adding the results, we 
multiplied 2 a by the sum of all the succeeding parts, which (52) is the 
same thing ; and as the parts, however disposed, make up the number, 
we may reverse their order, putting the last first, &c. ; and the rule for 
squaring will be : Square each part, and multiply all that come before 
by twice that part. Hence a reverse rule for extracting the square root 
presents itself with more than usual simplicity. It is : To extract the 
square root of a number N, choose a number A, and see if N will bear 
the subtraction of the square of A ; if so, take the remainder, choose a 
second number B, and see if the remainder will bear the subtraction of 
the square of B, and twice B multiplied by the preceding part A : if 
it will, there is a second remainder. Choose a third number C, and see 
if the second remainder will bear the subtraction of the square of C, and 
twice C multiplied by A + B : go on in this way either until there is no 
remainder, or the remainder will not bear the subtraction arising from 
any new part, even though that part were the least number, which is i. 
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In the first case, the square root is the sum of A, B, C, &c. ; in the 
second, there is no square root. 

160. For example, I wish to know if 2025 has a square root. I 
choose 20 as the first pal't, and find that 400, the square of 20, sub- 
tracted from 2025, gives 1625, the first remainder. I again choose ao, 
whose square, together with twice itself, multiplied by the preceding 
part, is 20 X 20 + 2 X 20 X 20, or 1200 ; whicli subtracted from 1625, the 
first remainder, gives 425, the second remainder. I choose 7 for the 
third part, which appears to be too great, since 7x7, increased by 2 x 7 
multiplied by the sum of the preceding parts 20 + 20, gives 609, which 
is more than 425. I therefore choose 5, which closes the process, since 
5x5, together with 2x5 multiplied by 20 + 20, gives exactly '42 5. The 
square root of 2025 is therefore 20 + 20 + 5, or 45, which will be found, 
by trial, to be correct; since 45 X45 .» 2025. Again, I ask if 13340 
has, or has not, a square root. Let 100 be the first part, whose square 
is loooo, and the first remainder is 3340. Let 10 be the second part. 
Here 10 x 10 + 2 x 10 x 100 is 2100, and the second remainder, or 3340 
—2100, is 1240. Let 5 be the third part ; then 5X5 + 2X5X (100+ 10) 
is 1 125, which, subtracted from 1240, leaves 115. There is, then, no 
square root ; for a single additional unit will give a subtraction of 
IXI+2XIX (100 + 10+5), or 231, which is greater than 115. But if 
the number proposed had been less by 115, each of the remainders would 
have been 115 less, and the last remainder would have been nothing. 
Therefore 13340— 115, or 13225, has the square root 100+ 10+ 5, or 
115 ; and the answer is, that 13340 has no square root, and that 13225 
is the next number below it which has one, namely, 115. 

161. It only remains to put the rule in such a shape as will guide 
us to those parts which it is most convenient to choose. It is evident 
(57) that any number which terminates with ciphers, as 4000, has 
double the number of ciphers in its square. Thus, 4000 x 4000 = 
1600C000 ; therefore, any square number,* as 49, with an even number 

* By square number^ I mean a number which has a square root. Thus, S6 ii a 
square number, but 26 is not. 
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of ciphers annexed, as 490000, is a square number. The root* of 
49C000 is 700. This being premised, take any number, for example 
76176; setting out from the right hand towards the left, cut off two 
figures ; then two more, and so on, until one or two figures only are 
' left; thus, 7,61,76. This number is greater than 7,00,00, of which 
the first figure is not a square number, the nearest square below it being 
4. Hence, 4,00,00 is the nearest square number below 7,00,00, which 
has four ciphers, and its square root is 200. Let this be the first part 
chosen : its square subtracted from 76176 leaves 36176, the first re- 
mainder, and it is evident that we have obtained the highest number 
of the highest denomination which is to be found in the square root 
of 76176; for 300 is too great, its square 9,00,00 being greater than 
76176 : and any denomination higher than hundreds has a square still 
greater. It remains, then, to choose a second part, as in the examples 
of (160), with the remainder 36176. This part cannot be as great as 
100, by what has just been said ; its highest denomination is therefore 
a number of tens. Let N stand for a number of tens, which is one of 
the simple numbers i, 2, 3, &c. ; that is, let the new part be 10 N, 
whose square is 10 N x 10 N, or 100 N N, and whose double multiplied 
by the former part is 20 N x 200, or 4000 N ; the two together are 
4000 N + 100 N N. Now, N must be so taken that this may not be 
greater than 36176 : still more, 4000 N must not be greater than 36176. 
We may therefore try, for N, the number of times which 36176 con- 
tains 4000, or that which 36 contains 4. The remark in (81) applies 
here. Let us try 9 tens, or 90. Then, 2 x 90 x 200 + 90 x 90, or 44100, 
is to be subtracted, which is too great, since the whole remainder is 
36176. We then try 8 tens, or 80, which gives 2 x 80 x 200 + 80 x 80, 
or 38400, which is likewise too great. On trying 7 tens, or 70, we find 
2x70x200 + 70x70, or 32900, which subtracted from 36176 gives 
3276, the second remainder. The rest of the square root can only be 
units. As before, let N be this number of units. Then, the sum of 
the preceding parts being 200 -f 70, or 270, the number to be subtracted 

* The term root is frequently used as an abbreviation of square root. 
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18 270 X 2 N + NN, or 540 N + N N. Hence, as before, 540 N must be 
leu than 3276, or N must not be greater than the number of times 
which 3276 contains 540, or (81) which 327 contains 54. We therefore 
try if 6 will do, which gives 2 x 6 x 270 + 6x6, or 3276, to be sub- 
tracted. This being exactly the second remainder, the third remainder 
is nothing, and the process is finished. The square root required is 
therefore 200 + 70 + 6, or 276. 

The process of forming the numbers to be subtracted may be 
shortened thus. Let A be the sum of the parts already found, and N 
a new part : there must then be subtracted 2 A N + N N, or (54) 
2 A + N multiplied by N. The rule, therefore, for forming it is : 
Double the sum of all the preceding parts, add the new part, and 
multiply the result by the new part. 

162. The process of the last artide is as follows : 

7,61,76(200 7,61,76(276 

4 00 00 70 4 

^ 47)361 

546) 3276 
3276 




In the first of these, the numbers are written at length, as we 
found them ; in the second, as in (79), unnecessary ciphers are struck 
off, and the periods 61, 76, are not brought down, until, by the con. 
tinuance of the process, they cease to have ciphers under them. The 
following is another example, to which the reasoning of the last article 
may be applied. 





34,86,78,44,01(50000 


34,86,78,44,01(59049 


. 


15 00 00 00 00 


9000 


*5 


iooooo\ 

9000J 


9 8678 4401 


40 


109) 986 


9 8 1 00 00 00 


9 


981 


looooo' 
18000 

40/ 

lOOOOcV 

18000 1 


5784401 
4 72 16 00 




11804J 57844 
47216 


1 06 28 01 
I 06 28 01 


118089)1062801 
1062801 
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163* The rule la as follows : To extract tlie square root of a 
number ;— 

I. Beginning from the right hand, cut off periods of two figures each, 
until not more than two are left. 

II. Find the root of the nearest square number next below the 
number in the first period. This root is the first figure of the required 
root; subtract its square from the first period, which gives the first 
remainder. 

III. Annex the second period to the right of the remainder, which 
gives the first dividend. 

IV. Double the first figure of the root ; see how often this is con- 
tained in the number made by cutting one figure from the right of the 
first dividend, attending to IX., if necessary ; use the quotient as the 
second figure of the root ; annex it to the right of the double of the 
first figure, and call this the first divisor. 

V. Multiply the first divisor by the second figure of the root ; if the 
product be greater than the first dividend, use a lower number for the 
second figure of the root, and for the last figure of the divisor, until the 
multiplication Just mentioned gives the product less than the first 
dividend ; subtract this from the first dividend, which gives the second 
remainder. 

VI. Annex the third period to the second remainder, which gives 
the second dividend. 

VI I. Double the first two figures of the root ;* see how often the 
result is contained in the number made by cutting one figure from the 
right of the second dividend ; use the quotient as the third figure of 
the root ; annex it to the right of the double of the two first figures, 
and call this the second divisor. 

VIII. Oet a new remainder, as in V., and repeat the process until 
all the periods are exhausted ; if there be then no remainder, the square 
root is found; if there be a remainder, the proposed number has no 

• Or, more simply, add the second figure of the root to the first divisor. 
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square root, aud the number found as its square root is the square root 
of the proposed number diminished by the remainder. 

IX. \yhen it happens that the double of the figures of the root is 
not contained at all in all the dividend except the last figure, or when, 
being contained once, i is found to give more than the dividend, put a 
cipher in the square root, and bring down the next period ; should the 
same thing still happen, put another cipher in the root, and bring down 
another period ; and so on. 



Sqxiare roots. 
271 

1730 

80089 

950625 

205962976 

115856201 



EXERCISES. 

Numbers proposed. 

73441 
2992900 

641424792 I 

903687890625 

42420747482776576 

134226593 10152401 

164. Since the square of a fraction is obtained by squaring ^he 

numerator and the denominator, the square root of a fraction is found 

25 c 
by taking the square root of both. Thus, the square root of -^ is ^, 

since 5 x 5 is 25, and 8 x 8 is 64. If the numerator or denominator, or 

both, are not square numbers, it does not therefore follow that the 

fraction has no square root ; for it may happen that multiplication or 

division by the same number may convert both the numerator and 

27 
denominator into square numbers (108). Thus, -., which appears at 

48 

first to have no square root, has one in reality, since it is the same as 
-^, whose square root is -. 

165. We now proceed from (158), where it was stated that any number 
or fraction being given, a second may be found, whose square is as 
near to the first as we please. Thus, though we cannot solve the 
problem, '^ Find a fraction whose square, is 2,'' we can solve the fol- 
lowing, <' Find a fraction whose square shall not differ from 2 by so 
much as * 0000000 1." Instead of this last, a still smaller fraction may 
be substituted ; in fact, any one however small : and in this process we 
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are said to approximate to the square root of 2. This can be done to 

any extent, as follows : Suppose we wish to find the square root of 2 

within — of the truth ; by which I mean, to find a fraction - whose 

57 a I * 

square is less than 2, but such that the square of -r + — is greater than 

2 57 
2. Multiply the numerator and denominator of- by the square of 57, 

or 3249, which gives . On attempting to extract the square root 

of the numerator, I find (163) that there is a remainder 98, and that 

the square number next below 6498 is 6400, whose root is 80. Hence, 

the square of 80 is less than 6498, while that of 81 is greater. The 

square root of the denominator is of course 57. Hence, the square of 

— is less than , or 2, while that of — is greater, and these two 

57 . 32^49 I 57 

fractions only differ by — ; which was required to be done. 

16G. In practice, it is usual to find the square root true to a certain 

number of places of decimals. Thus, 1*4142 is the square root of 2 true 

to four places of decimals, since the square of 1*4142, or 1*99996164, is 

less than 2, while an increase of only i in the fourth decimal place, 

giving 1*4143, gives the square 2*00024449, which is greater than 2. 

To take a more general case: Suppose it required to find the square 

16^7 
root of 1*617 true to four places of decimals. The fraction is — —. 

^1 ^ ^ 1000 

whose square root is to be found within '0001, or . Annex 

^ I 0000 

ciphers to the numerator and denominator, until the denominator 

I , 163700000 
becomes the square .of , which gives : extract the 

lOCOO lOCOOOOCO 

square root of the numerator, as in (163), which shews that the 
square number nearest to it is 163700000— 13564, whose root is 12794. 
Hence, — ^^, or 1*2794, gives a square less than 1*637, while 1*2795 
gives a square greater. In fact, these two squares are 1*63686436 and 
1*63712025. 

167* The rule, then, for extracting the square root of a number, 
or decimal to any number of places, is : Annex ciphers until there are 
twice as many places following the units' place as there are to be decimal 
places in the root ; extract the nearest square root of this number^ and 
mark off the given number of decimals. Or, more simply : Divide the 
number into periods, so that the units* figure shall be the last of a 
period ; proceed in the usual way ; and if, when decimals follow the 
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units* place, there is one figure on the right, in a period by itself, annex 
a cipher in bringing down that period, and afterwards let each new 
period consist of two ciphers. Place the decimal point after that figure, 
in forming which the period containing the units was used. 

168. For example, what is the square root of i ^ to five places of 
decimals? This is (146) i'375, and the process is the first example 
below. The second example is the extraction of the root of *o8i to 
seven places, the first period being o8, from which the cipher is omitted 
as useless. 

i,37,5(i' 17260 8,i(*2846o49 

I 4 

21) 37 48)410 

21 384 



227)1650 564)2600 

1589 2256 



2342) 6100 5686) 34400 

4684 341 16 



23446)141600 569204) 2840000 

140676 2276816 



23452) 92400 569208) 56318400 

169. When more than half the decimals required have been found, 
the remainder may be simply found by dividing the dividend by the 
divisor, as in (155). The extraction of the square root of 12 to ten 
places, which will be found in the next page, is an example. It must, 
however, be observed in this process, as in all others where decimals are 
obtained by approximation, that the last place cannot always be de- 
pended upon ; on which account it is advisable to carry the process so 
far, that one or even two more decimals shall be obtained than are 
absolutely required to be correct. 
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12(3*46410161513 

9 



64) 300 
256 



686) 4400 
41 16 



6924) 2S400 
27696 



69281) 70400 
69281 



6928201) I I 190000 
6928201 



69282026) 4261799 
4156921 



692820321) 104877 
69282 



6928203225) 35595 
34641 



69282032301) 954 
692 

692820323023) 261 
207 



B 

692820323026)537253550831(77545870549 
4849742261 I 8 

52279324713 
48497422611 

378x902102 
3464101615 

317800487 
277x28129 

406723 5« 
34641016 

6031342 

554^562 
4400 488780 

032 X 484974 



00 

56 



407900 
016125 



39177500 
82032301 



57 145 19900 
8460969069 



3S06 
34^4 

34* 
277 

~S 

62 



531715355083: 



If from any remainder we cut off the ciphers, and all figures which 
would come under, or on the right of these ciphers, hy a vertical line, 
we find on the left of that line a contracted division, such as those in 
(155). Thus, after having found the root as far as 3*464101, we have 
the remainder 4261799, and the divisor 6928202. The figures on the 
left of the line are nothing more than the contracted division of tliis 
remainder by the divisor, with this difference, however, that we have to 
begin by striking a figure off the divisor, instead of using the whole 
divisor once, and then striking off the first figure. By this alone we 
might have doubled our number of decimal places, and got the addi- 
tional figures 615 137, the last 7 being obtained by carrying the con- 
tracted division one step further with the remainder 53. We have, 
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then, this rule : When half the number of decimal places hare been 
obtained, instead of annexing ttro ciphers to the remainder, strike off » 
figure from what would be the divisor if the process were continued 
at length, and divide the remainder by this contracted divisor, a» 
in (155). 

As an example, let us double the number of decimal places already 
obtained, which are contained in 3*46410x61513. The remainder m 
537153550831^ the divisor 69x820323026, and ihe process is as in (B). 
Hence the square root <^ 12 is, 

3'464ioi6i5i377545870549; 

which is true to the last figure, and a little too great ; but the sub- 
stitution of 8 instead of 9 on the right hand would make it too small. 





EXERCISES. 


Numbeta. 


Square roots. 


•001728 


-041 5692 I 94 


64-34 


8*02122185 


8074 


89*8554394 


10 


3*16227766 


1-57 


1*2529964086 141667788495 



SECTION VIII. 



ON THE PROPORTION OF NUMBERS. 

170. When two numbers are named in any problem, it is usually 
necessary, in some way or other, to compare the two; that is, by 
considering the two together, to establish some connexion between them, 
which may be useful in future operations. The first method which 
suggests itself, and the most simple, is to observe which is the greater, 
and by how much it differs from the other. The connexion thus esta- 
blished between two numbers may also hold good of two other numbers ; 
for example, 8 differs from 19 by 11, and 100 differs from iii by the 
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same namber. In this point of view, 8 stands to 19 in the sftme 

situation in which 100 stands to iii, the first of both couples differing 

in the same d^ree from the second. The four numbers thus noticed, 

viz. : 

9, 19, 100, III, 

are said to be in arithmeiieal* proportion. When four numbers are 
thus placed, the first and last are called the extremes, and the second and 
third the means. It is obvious that 111 + 8 » 100+19, ^^^^ ^^9 ^^® 
sum of the extremes is equal to the sum of the means. And this is not 
accidental, arising from the particular numbers we have taken, but 
must be the case in every arithmetical proportion; for in iii-(-8, by 
(35), any diminution of iii will not affect the sum, provided a cor* 
responding increase be given to 8 ; and, by the definition just given, 
one mean is as much less than z 1 1 as the other is greater than 8. 

171* A set or series of numbers is said to be in eonlinued arith- 
metical proportion, or in arithmetical progression^ when the difference 
between every two succeeding terms of the series is the same. Thi» 
is the ease in the following series ; 



I» 


»> 


3» 


4» 


5, 


&c« 


3) 


6, 


9» 


12, 


J5. 


&c. 


I 


a. 


I 


39 


I 

3? 


&Ct 



The difference between two succeeding terms is called the common 

difference. In the three series just given, the common differences 

are, i, 3, and -. 

172. If a certain number of terms of any arithmetical series be 

taken, the sum of the first and last terms is the same as that of any 

other two terms, provided one is as distant from the beginning of th6 

series as the other is from the end. For example, let there be 7 terms, 

and let them be, 

a h e d e f ff 

Then, since, by the nature of the series, 5 is as much above a as / is 

* This is a very incorrect iuune> since the term arithmetical applies equally to every 
notion in this book. It is necessary^ however, that the pupil should use words in the 
sense in which they will be used in his succeeding studies. 
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below g (170), a-^g^h •{•/• Again^ since o is as much above ( as « is 
below/ (1 70), ft +/ « c + tf. But a+g^b +/; therefore, a+g^e + e, 
and so on. Again, twice the middle term, or the term equally distant 
from the beginning and the end (which exists only when the number 
of terms is odd), is equal to the sum of the first and last terms ; for 
since c is as much below dan e ib above it, we have e+e =^d+ds=zd. 
But C4-0 B a +^ ; therefore, a-\-g ^zd. This will give a short rule 
for finding the sum of any number of terms of an arithmetical series. 
Let there be 7, viz. those just given. Since a+^, 5+/, and o+tf, are 
the same, their sum is three times (a+^), which with dy the middle 
term, or half a+^, is three times and a half a+^, or the sum of the 
first and last terms multiplied by 3 -, or «^, or half the number of 
terms. If there had been an even number of terms, for example, six, 
viz. a, by c, dy e, and /, we know now that a +/, 5 + e, and c + J, are the 
same, whence the sum is three times a +fy or the sum of the first and 
last terms multiplied by half the number of terms, as before. The rule, 
then, is : To sum any number of terms of an arithmetical progression, 
multiply the sum of the first and last terms by hsilf the number of terms. 

For example, what are 99 terms of the series i, 2, 3, &c. ? The 99th 

09 100 X 90 
term is 99, and the sum is (99 + 1) ^^, or i^, or 4950. The 

sum of 50 terms of the series -, -, i, -, -, 2, &c. is ( - + — ) — , or 

33 33 \3 3/* 

17x25, or 425. 

173. The first term being given, and also the common difference 

and number of terms, the last term may be found by adding to the first 

term the common difference multiplied by one less than the number of 

terms. For it is evident that the second term differs from the first by 

the common difference, the third term by twieey Hie fourth term by three 

times the common difference; and so on. Or, the passage from the 

first to the nth term is made by n— i steps, at each of which the common 

difference is added. 
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EXERCISES, 




Given. \ 


To find. 


Series. 


No. of tenns. 


Last term. 


Sum* 


4, 6^, 9, &c. 


33 


84 


1452 


I, 3, 5, &c. 


28 


55 


784 


2, 20, 38, &C. 


100,000 


1799984 


89999300000 



174. The sum being given, the namber of terms, and the first term, 

we can thence find the common difi^erence. Suppose, for example, the 

first term of a series to be i, the namber of terms 100, and the sum 

^0,000. Since 10,000 was made by multiplying the sum of the first and 

last terms by , if we divide by this, we shall recover the sum of the 

first and last terms. Now, — • divided by is (122) 200, and 

the first term being i, the last term is 199. We have then to pass from 

I to 199, or through 198, by 99 equal steps. Each step is, therefore, 

-^, or 2, which is the common difference ; or the series is i, 3, 5, &c. 
99 
up to 199. 





Given. 




To find. 


Sum. 


No. of terms. 


First term. 


Last term. 


Common diff. 


1809025 


1345 


I 


2689 


2 


44 


10 


3 


29 

5 


£4 
45 


7075600 


1330 


4 


10636 


8 



175. We now return to (170), in which we compared two numbers 
together by their difference. This, however, is not the method of 
comparison which we employ in common life, as any single familiar 
instance will shew. For example, we say of A, who has 10 thousand 
pounds, that he is much richer than B, who has only 3 thousand ; but 
we do not say that C, who has 107 thousand pounds, is much richer 
than D, who has 100 thousand, though the difference of fortune is the 
same in both cases, viz. 7 thousand pounds. In comparing numbers, 
we take into our reckoning not only the differences, but the numbers 
themselves. Thus, if B and D both received 7 thousand pounds, B 
would receive 233 pounds and a third for every 100 pounds which he 
had before, while D for every 100 pounds would receive only 7 pounds. 

k2 
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And thoagh, in the view taken in (170), 3 is as near to 10 as 100 is to 

107, yet, in the light in which we now regard them, 3 is not so near to 

10 as 100 is to 107, for 3 differs from 10 by more than twice itself, 

while 100 does not differ from 107 by so much as one-fifth of itself. 

This is expressed in mathematical language by saying, that the ratio or 

proportitm of 10 to 3 is greater than the ratio or proportion of 107 to 

100. We proceed to define these terms more accurately. 

176. When we use the term part of a number or fraction, in the 

remainder of this section, we mean one of the various sets of egttal 

parts into which it may be divided, either the half, the third, the fourth, 

&c. : the term multiple has been already explained (102). By the term 

multiple^part of a number, we mean the abbreviation of the words 

multiple of apart. Thus, i, 2, 3, 4, and 6, are parts of 12 ; - is also a 

part of 12, being contained in it 24 times ; 12, 24, 36, &c., are multiples 

of 12 ; and 8, 9, -, &c. are multiple-parts of 12, being multiples of 

2 

some of its parts. And when multiple.parts generally are spoken of, 
the parts themselves are supposed to be included, on the same principle 
that 12 is counted among the multiples of 12, the multiplier being i. 
The multiples themselves are also included in this term ; for 24 is also 
48 halves, and is therefore among the multiple-parts of 12. Each part 
is also in various ways a multiple-part ; for one-fourth is two-eighths, 
and three-twelfths, &c. 

177' Every number or fraction is a multiple-part of every other 
number or fraction. If, for example, we ask what part 12 is of 7, we 
see that on dividing 7 into 7 parts, and repeating one of these parts 12 
times, we obtain 12 ; or, on dividing seven into 14 parts, each of which 
is one half, and repeating one of these parts 24 times, we obtain 24 

halves, or 12. Hence, 12 is — , or — , or — of 7, and so on. Generally 

when a and b are two whole numbers, t expresses the multiple - part 

which a is of b, and - that which b is of a. Again, suppose it required 

to determine what multiple -part 2 - is of 3 -, or — of — . These 

7 "^ 5 7 5 

• 7 ? 1 12 
fractions reduced to a common denominator, are ~ and , of which 

J 35 35 

the second divided into 112 parts gives — , which repeated 75 times 
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gives ^, the first. Hence, the multiple-part which the first is of the 
second is -^, which being obtained by the rale given in (121), shews 

n. 

that -, or a divided by hy according to the notion of division there g^ven, 
expresses the multiple-part which a is of 6 in every case. 

178. When the first of four numbers is the same multiple- part of 
the second which the third is of the fourth, the four are said to be 
geometrically* proportional^ or simply proportional. This is a word 
in common use ; and it remains to shew that our mathematical defini- 
tion of it, just g^ven, is in fact the common notion attached to it. For 
example, suppose a picture is copied on a smaller scale, so that a line 
of two inches long in the original is represented by a line of one inch 
and a half in the copy ; we say that the copy is not correct unless all 
the parts of the original are reduced in the same proportion, namely, 
that of 2 to I -. Since, on dividing two inches into 4 parts, and taking 
3 of them, we get i- ; the same must be done with all the lines in the 
original, that is, the length of any line in the copy must be three parts 
out of four of its length in the original. Again, interest being at 5 per 
cent, that is, £5 being given for the use of £100, a similar proportion 
of every other sum would be given ; the interest of £70, for example, 
would be just such a part of £70 as £5 is of £100. 

Since, then, the part which a is of 6 is expressed by the fraction -t, 
or any other fraction which is equivalent to it, and that which is of d 
by -, it follows, that when a, 5, 0, and d, are proportional, t "^^ j* '^^^^ 
equation will be the foundation of all our reasoning on proportional 
quantities ; and in considering proportionals, it is necessary to observe 
not only the quantities themselves, but also the order in which they 
come. Thus, a, b, 0, and d, being proportionals, that is, a being the 
same multiple-part of b which is of d, it does not follow that a, d^ 5, 
and c, are proportionals, that is, that a is the same multiple-part of d 



* The same remark may be made here as was made in the note on the tenn arith- 
metiral proportJon, page 99. The word geometrical is, generally speaking, dropped, 
except when we wish to distinguish between this kind of proportion, and that which has 
been called arithmetical. 
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which b is of e. It is plain that a is greater than, eqaal to, or less than 
6, according as o is greater than, equal to, or less than d* 

179. Four numbers, a, b, o, and cf, being proportional in the order 
written, a and d are called the extremes, and b and o the means of the 
proportion. For convenience, we will call the two extremes, or the 
two means, similar terms, and an extreme and a mean, dissimilar terms* 
Thus, a and d are similar, and so are b and o ; while a and 6, a and c, 
d and 6, d and o, are dissimilar. It is customary to express the pro- 
portion hf placing dots between the numbers, thus, 

a : b :: : d 

180. Equal numbers will still remain equal when they have been 

increased, diminished, multiplied, or divided, by equal quantities. This 

amounts to saying, that if a = 6 and^ «= 9, a+p » 5 + ^, a— p — b 

—qy ap « bq, and - = -. It is also evident, that a-k-p-^p^ a^p+p, 

— , and - X p, are all equal to a. 
p p 

181. The product of the extremes is equal to the product of the 
means. Let t = ■;:» and multiply these equal numbers by the product 



bd. Then, ^x6rf = flii (ue) 



a d. and -x bd 
a 



cbd 



= cb : 



hence (180), ad = be. Thus, 6, 8, 21, and 28, are proportional, since 

. 1= 1 B 1 — - 8 -— (180) ; and it appears that 6 x 28 » 8x21, since 
8 4 4^7 ^° 

both products are 168. 

182. If the product of two numbers be equal to the product of two 
others, these numbers are proportional in any order whatever, provided 
the numbers in the same product are so placed as to be similar terms ; 
that is, if a 6 » jd q, we have the following proportions : — 



a 


: p '' Q : 


a 


: g ': p : 


b 


\ P :: q : 


b 


: q :: P : 



b 
b 

a 
a 



P 
P 
9 
9 



a 
b 
a 
b 



b 
a 
b 



9 

P 
P 



To prove any one of these, divide both a b and pq\iY the product of its 
second and fourth terms ; for example, to shew the truth of a : 9 : : jp : &, 
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divide both a h and pqhy hq. Then, -7— » -, and v^ » v » hence 
a p «/a bq a bq b 

(180), - » ^, or a ; q '.I p : b. The pupil should not fail to prove 
every one of the eight cases, and to verify them by some simple ex- 
amples, such as ix6«=2X3, which gives i:2::3:6, 3:i::6: 
2, &c. 

183. Hence, if foar numbers are proportional, they are also propor- 
tional in any other order, provided it be such that similar terms still 
remain similar. For since, when t =" ;^t it follows (181) that ad ^bc% 
all the proportions which follow from ad — bOy by the last article, 

follow also from t ~ -^• 

h 

184. From (114) it follows that i +7 » -4^, and if t be less than i, 

00 o 

a b — a t ,t ,„a , . a a — b .. ,,„^^ 

I — T =: . , while if -T be greater than one, r— i — — r—* Also (122), 

if — T— be divided by — =— the result is r. Hence, «, J, c, and d, 

o a—o 

being proportionals, we may obtain other proportions, thus : 

T * a 

Then (114) i+f =- 1+5 
a+b c+d 

"^ -4 r 

or a + b : b :: e-¥d : d 

That is, the sum of the first and second is to the second, as the sum of 
the third and fourth is to the fourth. For brevity, we shall not state 
in words any more of these proportions, since, the pupil will easily 
supply what is wanting. 

Resuming the proportion a : b :: : d 

a c 
or - = - 

1—- =» 1—-%, if T w less than i, 
o do 



or 



b—a d—o 



b d 

thatis, 5— a : b :: d—c : d 

a 
or,a—b : b :: c^d : rf, if ^ is greater than I. 
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Again, since 



o + ft o + d , fl— 6 
and 



b d b 

than i), dividing the first by the second we have 

or 



l-T being greater 



o—d 
fl+6 e+d 



a-6 o-d' 
a + b : a—b :: c+rf : c-^d 



and also a-i-5 : b^a :: o-k-d : ci— o, if- is less than i. 

» 

185. Many other proportions might be obtained in the same manner. 
We will, however, content ourselves with writing down a few which can 
be obtained by combining the preceding articles. 

a+6 : a :: c-k-d : o 
a : a— 6 :: o : c— rf 
« + o : a— c :: J+d : b—d. 

In these and all others it must be observed, that when such expressions 
as a^b and e^d occur, it is supposed that a is greater than 5, and c 
greater than d, 

186. If four numbers be proportional, and any two dissimilar terms 
be both multiplied, or both divided by the same quantity, the results are 
proportional. Thus, i£ a I b :: o I d, and m and n be any two numbers, 
we have also the following : 



tna : b :: mo : d 
a I mb :: c : md 



- : mb :: - : md 

n n 



ma : fi5 :: mc 

a b e 

fn in III 

iL • A •: £ 

m ' m " n 



nd 

m 
d 
n 



and various others. To prove any one of these, recollect that nothing 

more is necessary to make four numbers proportional, except that the 

product of the extremes should be equal to that of the means. Take the 

third of those just given ; the product of its extremes is - x m d, or 

, while that of the means is m 6 x -, or • But since alb:: 

c : dy by (181) ad «» 6o, whence, by (180) mad a mbe, and — 

sa , Hence, -, mb, ~, and m d, are proportionals, 

fi n n 

187* If the terms of one proportion be multiplied by the terms of a 
second, the products are proportional ; that is, if a I ( : : o I d, and 
p \ g :i r I 9, it follows that ap ; bq :: or I d$. For, sinoe 
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nd B bo, and ps ^ qr, by (180) ad pa « boqr, or ap>idt = (^ 
X or, whence (182) a|} ; bq :: cr I ds, 

188. If four numbers are proportional, any similar powers of these 
numbers are also proportional ; that is, if 





a : b Hold 


Then 


a a : bb :: oo ; dd 




aaa I bbb 11 coo ', ddd 




&c. &c. 


For, if we write the proportion twice, thus. 




a ; b :: : d 

• 




a : b :: c : d 


by (187) 


aa ; bb :: 00 : dd 


Bat 


a ; b :: : d. 


Whence (187) 


aaa ', bbb :: ooo I ddd; and so on. 



189. An expression is said to be homogeneous with respect to any 
two or more letters, for instance, a, 5, and o, when .every term of it 
contains the same number of letters, counting a, 6, and c only. Thus, 
maab + nabc + rooo 18 homogeneous with respect to a, 5, and c ; and 
of the third degree, since in each term there is either a, 6, and c, or 
one of these repeated alone, or with another, so as to make three in all. 
Thus, ^aaabc^iiabeocy maaaaa^naabbo, are all homogeneous, 
and of the fifth degree, with respect to a, 6, and o only ; and any ex- 
pre68i(Hi made by adding or subtracting these from one another, will 
be homogeneous and of the fifth degree. Again, ma + mn 6 is homo- 
geneous with respect to a and 5, and of the first degree ; but it is liot 
homogeneous with respect to m and n, though it is so with respect to 
a and n. This being premised, we proceed to a theorem,* which will 
contain all the results of (184), (185), and (188). 

190. If any four numbers be proportional, and if from the fir&t two, 
a and 6, any two homogeneous expressions of the same degree be formed ; 

* A theorem is a general mathematical fact : thug, that every number is divisible by 
four when its last two figures are divisible by four, is a theorem ; that in every propor- 
tion the product of the extremes is equal to the product of the means, Is another. 



\ 
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and if from the last two, two other expressions be formed, in precisely 
the same manner, the four results will be proportional. For example, 
if a ', b :i e ', d, and it ^aaa+iaab and bbb + abb be chosen, 
which are both homogeneous with respect to a and 5, and both of the 
third degree; and if the corresponding expressions zcoc+^ccdytaid 
ddd+od'd be formed, which are made from c and d precisely in the 
same manner as the two former ones from a and 5, then will 

%aaa + %aab ', bbb-^-abb 11 ^cee+^ecd ', ddd+cdd 

To prove this, let t be called a. Then, since t ~ '» ^^^ r — "St 
Q o bod 

it follows that - » or. But since a divided by b gives x^ x multiplied 
by b will give a, or a » 5 jr. For a similar reason, o « <f «. Put b x 
and dx instead of a and e in the four expressions just given, recollecting 
that when quantities are multiplied together, the result is the same, 
in whatever order the multiplications are made; that, for example, 
bxbxbxK^ the same as bbbxxx* 

Hence, zaaa-^'iaab « zbxbxbx+^bxbxb 

^ %bbbxxx+^bbbxx 
which is bbb multiplied by zxxx-^-^xx 

or bbb {t.xxx-^-'^xx)* 

Similarly, zcce-\-%ood ^ ddd(p.xxx + %x x) 

Also, bbb^- abb ^ bbb + bxbb 

s» bbb multiplied by i + « 
OTbbb{i+x) 
Similarly, ddd+cdd ^ ddd{i+x) 

Now, bbb : ddd :: bbb: ddd 

Whence (186), 6 J6 (3.xxx+$xx) '. ddd{i + x) :: bbb(2Xxx-{- 
^xx) I ddd (i + o?), which, when instead of these expressions, their 
equals just found are substituted, becomes zaaa+^aab ', bbb + 
abb :: icco + ^ccd ', ddd+odd. The same reasoning may be 

* If 6 ar be substituted for a in any expression ivhich is homogeneous with respect to 
a and b, the pupil may easily see that b must occur in every term as often as Qiece axe 
units in the degree of the expression : thus, a a+a b becomes bxb x-{-b xbOTbb{x x+») ; 
aaa-^-bbbhecomeBbxbsbx-^-bbb at bbb{»xx-^l) ; andsoon« 






I 
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applied to any other case, and the pupil may in this way prove the 
following theorems : 

If a \ h \: : d 

20+36 : 6 :: ao+jd : d 

aa-^bb : aa—bb :: 00 + dd I 00— dd 
mab : zaa-^bb 11 mod ', zcc + dd 

191. If the two means of a proportion he the same, that is, if 

a : 6 :: 6 : c, the three numbers, a, 6, and c, are said to be in 

continued proportion, or in geometriccd progression. The same terms 

are applied to a series of numbers, of which any three that follow one 

another are in continued proportion, such as 

I 2 4 8 16 32 64 &c. 

2222 2 * « 

3 9 27 81 243 729 

Which are in continued proportion, since 






.a 2t . 2 

a : 4 2 :-::-: - 

339 

822 22 
, , - ~ . — . . — , — - 

3 9 9 27 

&C. &c. 

192. Let a, 6, c, </, &c. be in continued proportion ; we have then 

a b 
a \ b \\ b \ or T = - 01 ac ^ bb 

b c 

b \ \\ ', d ... - =B - ... bd — 00 

d 

. J J . d _ 

\ d \l d \ e ... "■% ^ — ... <JC ■■ dd 

d e 

Each term is formed from the preceding, by multiplying it by the same 

number. Thus, ft = - x a (180) ; ^ -r^^ i ai^d since - = -,- = -, 

a ^ ' b b a b 

or c » ~ X 5. Affain, rf = - x c, but - =* t» which is = - ; therefore, 
a ° c b a 

</ a> - X 0, and so on. If, then, - (which is called the oommon ratio of 

the series) be denoted by r, we have 

b =s ar Bs br ^ arr d=scr=arrr 

and so on ; whence the series 
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18 

Hence 
(186) 



a 
a 



b 

ar 

a : c 



e 
arr 

: a 
; aa 
; aa 



d 

arrr 

arr 

aarr 

bb 



&c. 



because, b being ar, bb is arar or aarr. Againy 



a 



d 



(186) 



Also, 



e 



arrr 

aaarrr 

bbb 

bbbb. 



and so on ; 



a 

aaa 

aaa 

aaaa 

that is, the first bears to the n^ term from the first, the same propor- 

tion as the n^ power of the first to the n^ power of the second. 

193. A short rule may be found for adding together any number of 

terms of a continued proportion. Let it be first required to add 

together the terms i, r, rr, &c. where r is greater than unity. It i» 

evident that we do not alter any expression by adding or subtracting 

any numbers, provided we afterwards subtract or add the same. For 

example, 

p = |>— 5' + g— r + r— » + « 

Let us take four terms of the series, i, r, rr, &c. or, 

i-^r'¥rr-\-rrr 
It is plain that 

rrrr^i ^ rrrr—rrr + rrr—rr + rr—r + r—i 

Now (64), rr—r =* r (r— i), rrr—rr — rr (r— i), rrrr—rrr — 

rrr (r— i), and the above equation becomes rrrr—i = rrr(r—i) 

+ rr (r— i) + r (r — i) + r— i; which is (54) rrr + rr + r+i, taken 

•• -1 times. Hence, rrrr—i divided by r—i will give i+r + rr + 

rrr, the sum of the terms required. In this way may be proved the 

following series of equations : 

i+r 



rr 



i+r + rr =: 

i+r + rr +rrr =: 

j+r+rr+rrr+rrrr = 



r— I 
rrr — i 

r — 1 
rrrr — i 

r— I 

rrrrr— i 

r — I 
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If r be less than unity, in order to find i-^-r + rr + rrr, observe 

that, 

t—rrrr siz i—r-\'r—rr-^rr-rrr + rrr'-rrrr 

= I— r + r (i— r) + rr (i— r) + r rr (i— r); 

whence, by simiiar reasoning, i + r + rr + rrr is found by dividing 
i—rrrr by i—r; and equations similar to these just given may be 

found, which are, 

i—rr 
i+r = 



i + r + rr =: 

i-^-r + rr + rrr ^ 

i + r + rr + rrr-^rrrr := 



I— r 
I — rrr 

I — r 
1 — rrrr 

i—r 
i—rrrrr 

1— r 



The rule is : To find the sum of n terms of the series, i + r + r r + &c. 
divide the difference between i and the (n + i)^ term, by the difference 
between i and r. 

194. This may be applied to finding the sum of any number of 
terms of a continued proportion. Let a, 6, c, &c. be the terms of which 
it is required to sum four, that is, to find a-^b + c-rd, or (192) a-¥ar 

T TT T— I 

+ arr-k-arrr^ or (64) a (i+r + rr + rrr), which (193) is 

I — *• T T T **"" 

X a, or X a, according as r is greater or less than unity. The 

I — T 

first fraction is -, or (192) . Similarly, the second is 

. The rule, therefore, is : To sum n terms of a continued pro- 

I— r '^ 

portion, divide the difference of the n+ i and first terms by the differ- 
ence between unity and the common measure. For example, the sum 

of lo terms of the series 1 + 3 + 9 + 27 + &c. is required. The eleventh 

5004.0 — 1 
term is 59049 and is 29524. Again, the sum of 18 terms 

of the series 2+1H h-+ &c. of which the nineteenth term is 



2 4 131072' 



2 — 



131072 131070 

1 131072 

2 
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EXAMPLES. 

9 terms of I +4+ i6 + &C. are 87381 

. J. ^ a. " a. jir^ 84744^675 

10 3+-H h etc. ... rr 

7 49 201768035 

' a. ' 4. ' a. *n '048575 

248 1048576 

195. The powers of a number or fraction greater than unity in. 

crease ; for since 2- is greater than i, 2-x2-i8 2- taken more than 

2 . 222 

once^ that is, is greater than 2-, and so on. This increase goes on 
without limit, that is, there is no quantity so great but that some power 

of 2- is greater. To prove this, observe that every power of 2- is 

* . . . I I * 

made by multiplying the preceding power by 2 -, or by i + i -, that is, 

2 2 

by adding to the former power that power itself and its half. There will, 

therefore, be more added to the loth power to form the nth, than was 

added to the 9th power to form the loth. But it is evident that if any 

quantity, however small, be continually added to 2-, the result will 

come in time to exceed any other quantity, however great ; much more, 

then, will it do so, if the quantity added to 2- be increased at each step, 

* I 

which is the case when the successive powers of 2 - are formed. It is 

evident, also, that the powers of i never increase, being always i ; thus, 

I X I = I, &c. Also, if a be greater than m times 6, the square of a 

is greater than m m times the square of b. Thus, if a = zb + c, where 

a is greater than 2 5, the square of a, or a a, which is (68) 466 + 460 

4- c 0, is greater than 466, and so on. 

196. The powers of a fraction less than unity continually decrease ; 

222 2 

thus, the square of -, or - x - is less than -, being only two-fifths of 

it. This decrease continues without limit, that is, there is no quantity 

2 521 

so small but that some power of - is less. For if - = «, - = -, and 

2 I I 5 * 5 * 

the powers of- are — , , and so on. Since * is greater than 1 

5 X X €B X a 

(195), some power of x may be found which shall be greater than a 

given quantity. Let this be called m ; then — is the corresponding 

2 *** 

power of - ; and a fraction whose denominator can be made as great as 

we please, can itself be made as small as we please (112). 
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197* We have then^ in the series 

I r rr rrr rrrr &c. 

I. A series of increasing terms, if r be greater than i. II. Of terms 
having the same valae, if r be equal to i. III. A series of decreasing 
terms, if r be less than i. In the first two cases, the sam 

i + r + rr + rrr + &c. 

may evidently be made as great as we please, by sufficiently increasing 
the number of terms. But in the third, this may or may not be the 
case ; for though something is added at each step, yet, as that augment- 
ation diminishes at every step, we may not certainly say, that we can, 
by any number of such augmentations, make the result as great as we 
please. To shew the contrary in a simple instance, consider the series, 

1 I 1 1 - 

I + - + - + - + -T+&C. 

2 4 8 10 

Carry this series to what extent we may, it will always be necessary to 
add the last term, in order to make as much as 2. Thus, 

(I i\ I II 

I+- + -) +-=I+- + -=I + I = 2. 
2 4/4 2 2 

(I I I\ 1 

' + I + 4"'8)+8 = '- 

(I I I I \ I 

248 16/ 16 

But in the series, every term is only the half of the preceding ; con. 

sequently, no number of terms, however great, can be made as great 

as 2 by adding one more. The sum, therefore, of i, -, -, -, &c. 

24s 

continually approaches to 2, diminishing its distance from 2 at every 

step, but never reaching it. Hence, 2 is called the UmU of i + - + - 

2 4 

+ &c. We are not, therefore, to conclude that every series of de- 

creasing terms has a limit. The contrary may be shewn in the very 

simple series, 1+- + - + -+ &c. which may be written thus : 
'234 

We have thus divided all the series, except the first two terms, iixtOi 

l2 
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lots, each containing half as many terms as there are units in the 
denominator of its last term. Thus, the foivth lot contains i6 or -^ 
terms. Each of these lots may he shewn to be greater than -. Take 

i-.i.jj. 1 .. -iiiiiii ,1 

the third for example, consistms: of -, — , — , — , — , — , — , and -7. 

'^ 9 JO I' i» '3 14 '5 i^ 

All except ~, the last, are greater than -7 ; consequently, by sub- 
stituting ~ for each of them, the amount of the whole lot would be 

81 
lessened ; and as it would then become -7, or -, the lot itself is greater 

I II 10 2 

than -. Now, if to 1+-, - be continually added, the result will in 

2r 2 2 

time exceed any given number. Still more will this be the case, if, 

instead of -, the several lots written above be added one after the other. 

* I I 

But it is thus that the series 1+- + -, &c. is composed, which proves 

* 3 

what was said, that this series has no limit. 

198. The series i+r + rr + rrr+ &c. always has a limit, when r is 

less than i. To prove this, let the term succeeding that at which we 

stop be a, whence (194) the sum is or (112) . The 

I — r I— 't* 1 ^ T 

terms decrease without limit (196), whence we may take a term so far 

distant from the beginning, that a, and therefore shall be as small 

1 — — t* 

as we please. But it is evident, that in this case -, though 

always less than , may be brought as near to as we please, 

that is, the series i + r + rr+ &c. continually approaches to the limit 
. Thus, I+- + -+-+ &c. where r = -, continually approaches 

1 — T 24*' * 

to r or 2, was shewn in the last article. 

EXERCISES. 

The limit of 2 + - + - + &c. 

3 9 

or 2 (i + - + - + &C.) is 7 
3 9 

Q Si 
i+ — + + &c. ... 10 

10 100 



5 + — + — + &c. ... 

7 49 

199. When the fraction - is not equal to 4 but greater, a is said to 



I 
I 
I 
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tt c 

have to 5 a greater ratio than c has to d ; and when -7 is less than 3, a 

b a 

18 said to have to 5 a less ratio than c has to d. We propose the fol- 
lowing questions as exercises, since they follow very simply from this 
definition. 

I.' If a is greater than 5, and c less than, or equal to d; a will have 
a greater ratio to b than c has to d. 

II. If a is less than 5, and greater than, or equal to d; a has a less 
ratio to b than has to d, 

III. If a is to 6 as is to dy and if a has a greater ratio to b than e 
has to J7 ; d is less than x ; and if a has a less ratio to 6 than otoxyd is 
greater than a, 

IV. a has to 6 a greater ratio than ax to bx + y^ and a less ratio 
than ax to bx—y, 

200. If a has to 5 a greater ratio than c has to dy a + c has to 5 + c^ a 

less ratio than a has to 6, hut a greater ratio than c has to d; or, in 

other words, if -r be the greater of the two fractions - and r-, will 

'6 ® b d b-\-d 

a G 

be greater than -, but less than -. To shew this, let - = ^, or let 

do d 

• 

e =: ax: then, since - = -— , it is = r—* and therefore 7— is greater 
g b bx bx bx ° 

than -, that is (l\2) d is greater than bx. Let d=zbx + y. Then the 

fraction -, being (108) the same as 7-7 r or - — 7—, is the same as 

b ^ ^ * 6(1+*) b^bx 

But this last IS greater than r — or - — -, because, of two 



b-Yhx ° b-\-bx-\-y b + d 

fractions having the same numerator, that is the greater which has the 

less denominator. Therefore -r is greater than ■; -. Again, let - = ^ar 

b ^ b+d * 

or a^cz : then - being -7-" or -7-, this last is less than -, that is, b is 

d dz dz b 

1 ^u J T * i J rrn. <^ • c{z+i) cz + c a + c 

less than dz, I/et b =r dz—w. Then - is -77 i or -, : or -. 

d d{z+i) dz + d dz + d 

This last is less than ^ r or -7 — 3(112) : therefore - is less than 

dz — to + d b + d a 

1 — 7. Thus, =■ or ~ lies between - and -. Again, since 7- and - 

b + d ' 5 + 7 12 s 7 ^ ' b d 

are respectively equal to -r^ and -r^, and since, as has just been proved, 

ap+cg °P "^ 

. — lies between the two last, it also lies between the two first ; 

that is, if p and q be any numbers or fractions whatsoever, -r- — r lies 
a « 'bp + dq 

between - and -. 
b d 
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201. By the last article we may often form some notion of the 
value of an expression, too complicated to be easily calculated. Thus, 
lies between - and — or i and - ; , . lies between 



i + «j? J XX X axx + bbpy 

and ■ ; that is, between - and r—. In a similar way it may 



a XX bbyy* ' x by' 

be shewn that lies between a and 6, the denominator bein«r 

considered as i + i. 

202. It may also be proved that a fraction, such as 

abed p+q+r+s 

always lies among -, ~, -, and -, that is, is less than the greatest of 

them, and greater than the least. Let these fractions be arranged in 

order of magnitude ; that is, let - be greater than -, - be greater than 

-, and - greater than -. Then by (200) 

- S - and - 

•5 a + b , a § c . d 

00 and - rt - and - 

S P + 9 P t ^ * 

"2 «« 

"* a + b + c , a -o d 
and - S 



a + b 


p + q 


a + b + c 


p + q + r 


a+b+c+d 



p+q+r+s p+q+r p 



es 



whence the proposition is evident. 

203. It is usual to signify ^' a is greater than 6*' by a ^ 5, and <^ a is 
less than 6 ** by a -^ b; the opening of A being turned towards the 
greater quantity. The pupil is recommended to make himself familiar 
with these signs. 



SECTION IX. 

ON PERMUTATIONS AND COMBINATIONS. 

204. If a number of counters, distinguished by different letters, be 
placed on the table, and any number of them, say four, be taken away, 
the question is to determine in how many different ways this can be 
done. Each way of doing it gives what is called a combinaH<m of four, 
but which might with more propriety be called a selection of four. Two 
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combinations or selections are called different, which differ in any way 
whatever; thus, abed and abce are different, d being in one and e 
in the other, the remaining parts being the same. Let there be six 
counters, a, 6, Oy d^ e, and /; the combinations of three which can be 
made out of them are twenty in number, as follow : 



abo 


aoe 


bed 


bef 


abd 


aof 


bee 


ede 


abe 


ade 


bef 


cdf 


abf 


adf 


bde 


eef 


acd 


aef 


bdf 


def 



The combinations of four are fifteen in number, namely, 
abed abde aede adef beef 

abee a bdf aedf bede bdef 

abef abef a eef bedf odef 

and soon. 

205. Each of these combinations may be written in several different 
orders ; thus, abed may be disposed in any of the following ways : 

abed aebd aodb abde adbo adeb 

baed eabd eadb bade dabe daeb 

bead cbad edab bdao dbac doab 

beda ebda edba bdea dbea deba 

of which no two are entirely in the same order. Each of these is said 
to be a distinct permutation of abed. Considered as a eombinatioitf 
they are all the same, as each contains a, 6, Cy and d, 

206. We now proceed to fiiid how many permutations, each con- 
taining one given number, can be made from the counters in another 
given number, six, for example. If we knew how to find all the 
permutations containing four counters, we might make those which 
contain five thus : Take any one which contains four, for example, 
abef In which d and e are omitted ; write d and e successively at the 
end, which gives a b efd, a b efe, and repeat the same process with 
every other permutation of four ; thus, dabe gives dabee and dabef 
No permutation of five can escape us, if we proceed in this manner, 
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provided only we know those of four ; for any given permutation of 
five, as dhfe a, will arise in the course of the process from d hfe^ which 
according to our rule, furnishes dhfe a. Neither will any permutation 
be repeated twice, for d bfe a, if the rule be followed, can only arise 
from the permutation dhfe. If we begin in this way to find the 
permutations of two out of the six, 

a h d e f 

each of these gives five ; thus, 

a gives ah ac ad ae af 

h ha be hd he hf 

and the whole number is 6 x 5, or 30. 

Again, a h gives ahc ahd a be ahf 

ae ach acd ace acf 

and here are 30, or 6 x 5 permutations of 2, each of which gives 4 
permutations of 3 ; the whole number of the last is therefore 6x5x4, 
or 120. 

Again, ahc gives abed ahee ahcf 

ahd abde abde abdf 

and here are 120, or 6 x 5 x 4 permutations of three, each of which gives 
3 permutations of four; the whole number of the last is therefore 
6 X 5 X 4 X 3, or 360. 

In the same way, the number of peimutations of 5 is 6x5x4x3x2, 
and the number of permutations of six, or the number of different ways 
in which the whole six can be arranged, is 6x5x4x3x2x1. The 
last two results are the same, which must be, for since a permutation of 
five only omits one, it can only furnish one peimutation of six. If 
instead of six we choose any other number, x, the number of permu- 
tations of two, will be a?(d?— i), that of three will be a?(a?— i) (a?— 2), 
that of four x(iB—i) (j?— 2) (a?~3), the rule being, i— Multiply the 
whole number of counters by the next less number, and the result by 
the next less, and so on, until as many numbers have been multiplied 
together as there are to be counters in each permutation, the product 
will be the whole number of permutations of the sort required. Thus, 
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out of 12 counters, permutations of four may be made to the number of 
12 X II X lo X 9, or 11880. 

EXERCISES. 

207> In bow many different ways can eight persons be arranged on 
eight seats ? Answer^ 40320* 

In how many ways can eight persons be seated at a round table, so 
that ail shall not have the same neighbours in any two arrangements ?* 

Answer^ 5040. 

If the hundredth part of a farthing be given for every different 
arrangement which can be made of fifteen persons, to how much will 
the whole amount ? Answer, ^13621608. 

Out of seventeen consonants and five vowels, how many words can 
be made, having two consonants and one vowel in each ? Answer, 4080. 

208. If two or more of the counters have the same letter upon them, 
the number of distinct permutations is less than that given by the last 
rule. Let there be a, a, a, 6, c, d, and, for a moment, let us distinguish 
between the three a's thus, a, a\ a". Then, a be a'cd'd, and a" be a a'd^ 
are reckoned as distinct permutations in the rule, whereas they would 
not have been so, had it not been for the accents. To compute the 
number of distinct permutations, let us make one with 6, c, and </, 
leaving places for the a's thus ( )be{ ) ( )d. If the a*s had been 
distinguished as a, a\ a'\ we might have made 3x2x1 distinct per- 
mutations, by filling up the vacant places in the above, all which six are 
the same when the a^s are not distinguished. Hence, to deduce the 
number of permutations of a, a, a, b, c, d, from that of a a' a" bed, we 

^. .iti 1 ^ 1.1 . 6XCX4X'JX2XI 

must divide the latter by 3 x 2 x i, or 6, which irives — - — 

' ^ ' ' * 3x2x1 

or 120. Similarly, the number of permutations oi aaaabbbeo \9 

9x8x7x6x5x4x3x2x1 

4x3x2x1x3x2x1x2x1* 

EXERCISE. 

How many variations can be made of the order of the letters In the 
word antitrinitarian ? Answer, 126 126000. 

* The difference between this problem and the last is left to the ingenuity of 
the pupil. 
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209. From the number of pei*matation8 we can easily deduce the 
number of combinations. But, in order to form these combinations 
independently, we will shew a method similar to that in (206). If we 
know the combinations of two which can be made out of a, b, o, d, e, we 
can find the combinations of three, by writing successively at the end of 
each combination of two, the letters which come after the last contained 
in it. Thus, ab gives a be, abd, abe; ad gives ade only. No 
combination of three can escape us if we proceed in this manner, 
provided only we know the combinations of two ; for any given com- 
bination of three, &s acd, will arise in the course of the process, from 
ac, which, according to our rule, furnishes acd. Neither will any 
combination t)e repeated twice, for aod^ii the rule be followed, can only 
arise from a c, since neither a d nor c d furnishes it. If we begin in this 
way to find the combinations of the five, 

a b c d e 

a gives ab ac ad ae 

b be bd be 

e cd ce 

d de 

Of these a b gives abe abd abe 

ac aed ace 

ad ade 

be bed bee 

bd bde 

cd cde 

ae be ce and de give none. 

Of these abe gives abed abe e 

abd abde 

aed aede 

bed bode 

Those which contain e give none, as before. 

Of the last, abed gives abe de, and the others none, which is evidently 
true, since only one selection of five can be made out of five things. 
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210. The rule for calculating the number of combinations is de- 
rived directly from that for the number of permutations. Take 7 
counters ; then, since the number of permutations of two is 7 x 6, and 

since two permutations, ba and a 6, are in any combination a 6, the 

7x6 
number of combinations is half that of the permutations, or . 

Since the number of permutations of three is 7x6x5, and as each 

combination abe has 3x2x1 permutations, the number of combina- 

0m ^^ fL ^^ a* 

tions of three is -. Also, since any combination of four, abod. 

1x2x3 ' ' 

contains 4x3x2x1 permutations, the number of combinations of four 

0m ^^ mL ^^ ^^ j| 

is ~ — ^, and so on. The rule is : To find the number of com- 

1x2x3x4^ 

binations, each containing n counters, divide the corresponding number 

of permutations by the product of i, 2, 3, &c. up to n. If « be the 

whole number, the number of combinations of two is — ^^ ; that of 

' 1x2 

three is — ^ ^ ^ ; that of four is -^ ^ -^ =^ ; and 

1x2x3 1x2x3x4 

so on. 

211. The rule may in half the cases be simplified, as follows. Out 
of ten counters, for every distinct selection of seven which is taken, a 
distinct combination of 3 is left. Hence, the number of combinations 
of seven h as many as that of three. We may, therefore, find the 
combinations of three instead of those of seven ; and we must moreover 
expect, and may even assert, that the two formulas for finding these 
two numbers of combinations, are the same in result, though different 
in form. And so it proves ; for the number of combinations of seven 

, 10X0x8x7x6x5x4, 1,.., J X /r 

out of ten is ? — -^, m which the product 7x6x5x4 

1x2x3x4x5x6x7' '^ ''^ 

occurs in both terms, and therefore may be removed from both (108), 

leaviniF • » which is the number of combinations of three out of 

** 1x2x3 

ten. The same may be shewn in other cases. 

EXEBCISES. 

How many combinations of four can be made out of twelve things ? 

Answer, 495. 
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What number 
of combinations 
can be made of 



4 
6 



out of 




Answer^ 



330 

378 
5005 



How many combinations can be made of 13 oat of 52 ; or how many 
different hands may a person hold at the game of whist ? 

Answer y 635013559600. 
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COMMERCIAL ARITHMETIC. 



SECTION L 

WEIGHTS, MEASURES, &C. 

212. Tx making the calcalations which are necessary in commercial 
affairs, no more processes are required than those which have been 
explained in the preceding boois. But there is still one thing wanted 
—not to ensure the accuracy of our calculations, but to enable us to 
compare and judge of their results. We hav^e hitherto made use of a 
single unit (15), and have treated of other quantities which are made 
np of a number of units, in Sections II., III., and IV., and of those 
which contain parts of that unit in Sections V. and VI. Thus, if we 
are talking of distances, and take a mile as the unit, any other length 
may be represented,* either by a certain number of miles, or a certain 

• It is not true that if we choose any quantity as a unit* anj/ other quantity of the 
same kind can be exactly represented either by a certain number of units, or of parts 
of a unit. To understand how this is proved, the pupil would require more knowledge 
than he can be supposed to have; but we can shew him that* for any thing he knows to 
the contrary, there may be quantities which are neither units nor parts of the unit. 
Take a mathematical line of one foot in length, divide it into ten parts, each of those 
parts into ten parts, and so on c(Xitinually. If a point A be taken at hazard in the line, 
it does not appear self-evident that if the decimal division be continued ever so far, one 
of the points of division must at last fall exactly on A : neither would the same appear 
necessarily true if the division were made into sevenths, or elevenths, or in any other 
way. There may then possibly be a part of a foot which is no exact numerical fraction 
whatever of the foot; and this, in a higher branch of mathematics, is found to be the 
case times without number. What is meant in the w(Hrds on which this note is written 
is, that any part of a foot can be represented at nearly as we please by a numerical 
fraction of it» and this is sufficient fb practical purposes. ^ 
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iiamber of parts of a mile, and (i meaning one mile) may be expressed 

either by a whole number or a fraction. But we can easily see that in 

many cases inconveniences would arise. Suppose, for example, I say^ 

that the lenirth of one room is —r- of a mile, and of another of a 

* i8o ' 174 

mile, what idea can we form as to how much the second is longer than 
the first? It is necessary to have some smaller measure; and if we 
divide a mile into 1760 equal parts, and call each of these parts a yard, 

we shall find that the length of the first room is 9 yards and -^ of a yard, 

10 9 

and that of the second 10 yards and ^ of a yard. From this we form 

a much better notion of these different lengths, but still not a very 

7 10 

perfect one, on account of the fractions -^ and ^-. To get a clearer 

9 07 

idea of these, suppose the yard to be divided into 3 equal parts, and 

each of these parts to be called a foot ; then -^ of a yard contains a- 

feet, and ^ of a yard contains |- of a foot, or a little more than 

- of a foot. Therefore the length of the first room is now 9 yards, 

3 I 

a feet, and - of a foot ; that of the second is 10 yards and a little more 

I 3 
tlian - of a foot. We see, then, the convenience of having large mea- 
sures for large quantities, and smaller measures for small ones ; but this 
is done for convenience only, for it is possible to perform calculations 
upon any sort of quantity, with one measure alone, as certainly as with 
more than one. 

The measures which are used in this country are sot those which 
would have been chosen had they been made all at one time, and by a 
people well acquainted with arithmetic and natural philosophy. We 
proceed to shew how the results of the latter science are made useful in 
our system of measures. Whether the circumstances introduced are 
sufiSciently well known to render the following methods exact enough 
for the recovery of astronomical standards, may be matter of opinion ; 
but no doubt can be entertained of their being amply correct for com- 
mercial purposes. 

It is evidently desirable that weights and measures should always 
continue the same, and that posterity should be able to replace any one 
of them when the original measure is lost. It is true that a yard, which 
is now exact, is kept by the public authorities ; but if this were burnt 
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by accident,* how are those who shall live 500 years hence to know what 

was the length which their ancestors called a yard ? To ensure them 

this knowledge, the measure must be derived from something which 

cannot be altered by man, either from design or accident. We find such 

a quantity in the time of the daily revolution of the earth, and also in 

the length of the year, both of which, as is shewn in astronomy, will 

remain the same, at least for an enormous number of centuries, unless 

some great and totally unknown change takes place in the solar system. 

So long as astronomy is cultivated, it is impossible to suppose that either 

of these will be lost, and it is known that the latter is 365*24224 mean 

solar days, or about 365- of the average interval which elapses between 

4 
noon and noon, that is, between the times when the sun is highest in 

the heavens. Our year is made to consist of 365 days, and the odd 

quarter is allowed for by adding one day to every fourth year, which 

gives what we call leap-year. This is the same as adding - of a day to 

4 
each year, and is rather too much, since the excess of the year above 

365 days is not '25 but '24224 of a day. The difference is '00776 of a 
day, which is the quantity by which our average year is too long. This 
amounts to a day in about 128 years, or to about 3 days in 4 centuries. 
The error is corrected by allowing only one out of four of the years 
which close the centuries to be leap-years. Thus, a.d. 1800 and 1900 
are not leap-years, but 2000 is so. 

213. The day is therefore the first measure obtained, and is di- 
vided into 24 parts or hours, each of which is divided into 60 parts 
or minutes, and each of these again into 60 parts or seconds. One 
second, marked thus,f i*, is therefore the 86400^^ part of a day, and the 
following is the 



* Within the last few years, this accident has happened. The standard yard was so 
hijured as to he rendered useless, by the fire at the Houses of Parliament. 

t The minute and second are often marked thus T, V'» but this notation is now 
almost entirely appropriated to the minute and second oi angular measure. 



M2 



T 
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MXA9U&S OF TIMK.* 

6oseeond9 are i minvto i"^ 

60 minute* i hour ......... i h. 

i^hours idap id. 

7 deiifi I tpeek i wk. 

365 daffs I ifear x yr. 

214. The second having been obtained, a pendulum can be con- 
structed which shall, when put in motion, perform one vibration in 
exactly one second, in the latitude of 6reenwich.f If we were in« 
venting measures, it would be convenient to call the length of this 
pendulum a yard, and make it the standard of all our measures of 
length. But as there is a yard already established, it will do equally 
well to tell the length of the pendulum in yards. It was found by 
commissioners appointed for the purpose, that this pendulum in Lon- 
don was 39*1393 inches, or about one yard, three inches, and ~ of an 
inch. The following is the division of the yard. 

MEASUBES OF LEWOTH. 

The lowest measure is a barleycorn.:^ 

3 barleycorns are i inch i in. 

,. izinches ifoot i ft. 

, 2 feet ipard,... i yd. 

$-yard8 1 pole i po. 

40 poles or 220 yards i furlong. . i fur. 

8 furlongs or |^ 760 yards 1 mile i mi. 

% miles 1 league,., ilea. 

Also, 6 feet are i fathom .. i fth. 

69- miles I deg i deg. or 1°. 

3 

And a geographical mile is 7- of a d<^ee. 

* The measures ia italics an those which it is most necessary that the student should 
leaxn by heart. 

t The lengths of the pendulums which will vibrate in one second are dilftrent in 
diflEferent latitudes. Greenwich is chosen as the station of the Royal Observatory. 

X The inch was originally obtidned by putting together three grains of barley. 
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In the measurement of cloth or linen the following are al«o need : 

2- inches are i nail i nl. 

4 nails i quarter (of a yard)... i qr. 

3 quarters i Flemish ell iFl. e. 

5 quarters i English ell i E. e. 

6 quarters i French ell i Fr. e. 

215. MEASURES OF SURFACE, OR SUPERFICIES. 

All surfaces are measured by square inches, square feet, &c. ; the 

square inch being a square whose side is an inch in length, and so on. 

The following measures may be deduced from the last, as will afterwards 

appear. 

144 square inches are i square foot .... i sq. ft. 

^square feet i square yard .., i sq. yd. 

30- square yards i square pole.... i sq. p. 

4 
40 square poles i rood i rd. 

4 roods I acre i ac. 

Thus the acre contains 4840 square yards, which is ten times a 
square of 22 yards in length and breadth. This 22 yards is the length 
which land-surveyors' chains are made to have, and the chain is divided 
into 100 links, each *22 of a yard or 7*92 inches. An acre is then 10 
square chains. It may also be noticed that a square whose side is 
69^ yards is nearly an acre, not exceeding it by - of a square foot. 

216. MEASURES OF SOLIDITY OR CAPACITY.* 

Cubes are solids having the figure of dice. A cubic inch is a cube, 
each of whose sides is an inch, and so on. 

1728 cubic inches are i cubic foot i c. ft. 

27 cubic feet i cubic yard i c. yd. 

This measure is not much used, except in purely mathematical 

* Capacity is a tenn which cannot be better explained than by its use. When one 
measure holds more than another, it is said to i)e more capacious, or to have a greater 
capacity. 
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questions. In the measurements of different commodities various mea- 
sures were used, which are now reduced, by act of parliament, to one. 
This is commonly called the imperial measure, and is as follows : 

MEASURE OF LIQUIDS AND OF ALL DRY GOODS. 

^giUs are i jAnt i pt« 

^ pints I quart,... i qt. 

^qtiarts i gallon ... i gall* 

z gallons i peck* ... i pk. 

specks \ bushel... i bn. 

• 

8 bushels I quarter., i qr. 

5 quarters i load i Id. 

The gallon in this measure is about 277*274 cubic inches ; that is, 

very nearly 277- cubic inches.f 
4 
217* The smallest weight in use is the grain, which is thus deter- 
mined. « A vessel whose interior is a cubic inch, when filled with 
water,): has its weight increased by 252*458 grains. Of the grains so 
determined, 7000 are a pound averdupois^ and 5760 a pound trog. The 
first pound is always used, except in weighing precious metals and 
stones, and also medicines. It is divided as follows : 

* This measure, and those which follow, are used for dry goods only. 

t Since the publication of the last edition, the heaped measure, which was part of 
the new system, has been abolished. The following paragraph from the last edition, 
will serve for reference to it : 

" The other imperial measure is applied to goods which it is customary to sell by 
heaped meantre, and is as follows : 

2 gallons 1 peck 

4 pecks 1 bushel 

3 bushels 1 sack 

12 sacks 1 chaldron. 

The gallon and bushel in this measure hold the same, when only just filled, as in the 
last The bushel, however, heaped up as directed by the act of parliament, is a little 
more than one-fourth greater than before." 

X Pure water, cleared from foreign substances by distillation, at a temperature of 
62°Fahr. 



WEIGHTS AND MEASURES. 129 

AVZRDI7FOI8 WEIGHT. 

27 — grains are x dram i dr. 

16 drams^ or drachms i ounce* x oz. 

16 ounces i pound i lb. 

aS pounds i quarter x qr. 

4 quarters i hundred^weight x cwt. 

20 hundred-weight x ton x ton. 

The pound arerdupois contains 7000 gprains. A cubic foot of water 
weighs 62*3210606 pounds averdupois, or 997*1369691 ounces. 

For the precious metals and for medicines, the pound troy, con- 
taining 5760 grains, is used, but is differently divided in the two cases. 
The measures are as follow : 

TROT WEIGHT. 

24 grains are x pennyweight x dwt. 

20 pennyweights x ounce x oz. 

X2 ounces i pound x lb. 

The pound troy contain 5760 grains. A cubic foot of water weighs 
75*7374 pounds troy, or 908*8488 ounces. 

apothecaries' weight. 

20 grains are i scruple 9 

3 scruples x dram 3 

8 drams x ounce J 

12 ounces i pound Ife 

218. The standard coins of copper, silver, and gold, are, — the penny, 

2 
which is 10- drams of copper; the shilling, which weighs 3 penny. 

weights 15 grains, of which 3 parts out of 40 are alloy, and the rest 

pure silver ; and the sovereign, weighing 5 pennyweights, and 3- grains, 

4 
of which one part out of 12 is copper, and the rest pure gold. 



* It ii more common to divide the ounce into four quarten than into sixteen 
diami. 
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MEASURES OF MONET. 

The lowest coin is a farthing, which is marked thus, -, being one 

4 
fourth of a penny. 

2 farthings are i halfpenny -dU 

2 ?ialfpenee i penny id, 

12 pence i shilling is. 

20 shillings i pound* or sovereign ... £i 

21 shillings i guinect.'f 

219. When any quantity is made up of several others, expressed in 

different nnits^ such as £i . 14 . 6, or 2 cwt. i qr. 3 lbs., it is called a 

compound quantity. From these tables it is evident that any compound 

quantity of any substance can be measured in several different ways. 

For example, the sum of money which we call five pounds four shillings 

is also 104 shillings, or 1248 pence, or 4992 farthings. It is easy to 

reduce any quantity from one of these measurements to another ; and 

the following examples will be sufficient to shew how to apply the same 

process, usually called Reduction, to all sorts of quantities. 

I. How many farthings are there in £18 . 12 . 6- :{: ? 

4 
Since there are 20 shillings in a pound, there are, in £18, 18 x 20, 

or 360 shillings; therefore, £18. 12 is 360+12, or 372 shillings. 

Since there are 12 pence in a shilling, in 372 shillings there are 

372 X 12, or 4464 pence ; and, therefore, in £18 . 12 . 6 there are 

4464 + 6, or 4470 pence. 

Since there are 4 farthings in a penny, in 4470 pence there are 

4470x4, or 17880 farthings; and, therefore, in £18 . 12 . 6-, there 

4 
are 17880+3, or 17883 farthings. The whole of this process maybe 

written as follows: 

* The English pound is generally called a pound sterling, which dlstingubhes it 
from the weight called a pound, and also from foreign coins. 

t The coin called a guinea is now no longer in use, but the name is still given, from 
custom, to 21 shillings. The i>ound, which was not a coin, but a note promising to pay 
20 shillings to the bearer, is also disused for the present, and the sovereign supplies its 
place; but the name pound is still given to 20 shillings. 

X Farthings are never written but as parts of a penny. Thus, three farthings, being 
£ of a penny, is written ^, or ^L. One halfpenny may be written either as -|- or ^ ; 
the latter is most common. 
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£i8 . 12 . 6-^ 
4 

20 



360+ 12 



37» 
12 



4464+6 



4470 
4 



17880 + 3 = 17883 

II. In 17883 farthings, how many pounds, shillings, pence, and 
farthings are there ? 

Since 17883, divided by 4, gives the quotient 4470, and the re- 
mainder 3, 17883 farthings are 4470 pence and 3 farthings (218). 

Since 4470, divided by 12, gives the quotient 372, and the remainder 
6y 4470 pence is 372 shillings and 6 pence. 

Since 372, divided by 20, gives the quotient 18, and the remainder 
12, 372 shillings is 18 pounds and 12 shillings. 

Therefore, 17883 farthings is 4470-^., which is 372^. 6-^(/.jwhich is 
1 4- 4 

£18 . 12 . 6^. 
4 

The process may be written as follows : 

4)17883 
12)4470 ... 3 
20)372 ... 6 
£18. 12 .6^ 



EXERCISES. 

A has £100 . 4 . II-, and B has 64392 farthings. If A receive 

* I 

1492 farthings, and B £1.2.3-, which will then have the most, and 

by how much ? — Answer^ A will have £33 . 12 • 3 more than B. 

In the following table, the quantities written opposite to each other 

are the same : each line furnishes two exercises. 



£15 . 18 . 9- 

•' '2 

Ijelbs jOi gdwt 
jibs i^oa ^dr 

3™ 149^^* 2^ 9*° 

ja^^ ZV^ iSa'l aqte 

l6h ^ya ^j% 



15302 farthings. 
663072 grains. 
100 1 drams. 
195477 inches. 
1260 pints. 
59027 seconds. 
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220. The same may be done where the number first expressed is 
fractionaL For example, how many shillings and pence are there in 

— of a pound ? Now, -^ of a pound is — of 20 shillings ; ~ of 20 
is ti22, or i^ (110), or ~, or (106) 5- of a shilling. Again, i of 

J J J J J 

a shilling is - of iz pence, or 4 pence. Therefore £— == $s, jyd. 

Also, *Z3 of a day is '23 x 24 in hours, or 5^ '52 ; and '52 of an hour 

is *52 X 60 in minutes, or 3 1™ *2 ; and *2 of a minute is *2 x 60 in seconds, 

or 12"; whence '23 of a day is 5^ 311^ 12*. 

Again, suppose it required to find what part of a pound 6s, Sd, is. 

Since 6s, $d, is 80 pence, and since the whole pound contains 20 x 12, 

or 240 pence, 6s. Zd. is made by dividing the pound into 240 parts, and 

taking 80 of them. It is therefore £— (107), but — = - (108) ; 

I 240 ^ ' 240 3 ^ ' 

therefore, 6s. Zd. » £~. 

3 

EXE&CISES. 

- of a day ... is ... 9** 36™ 

'12841 of a day 3^ 4"" 54" '624* 

•257 of a cwt 28*** i2<» S^' 704 

£'14936 2* II* 3^*3856. 

221. The most necessary species of calculation is that which is 
made in pounds, shillings, and pence; since the merchant generally 
uses the value of a commodity in money, in preference to the measure 
of its quantity. It is often convenient to reduce shillings, pence, and 
farthings, into an equivalent decimal of a pound. With the shillings 
there is no difficulty, since is, is £-^. Hence, the rule for reducing 
any number of shillings is,—. Multiply the number of shillings by 5, 
and make two decimal places. Thus, 17s, is £*85. On finding what 
decimal one farthing is of a pound, we have '001041666, &c. (220). 
The occurrence of a cipher between the i and the 4 furnishes a very 
simple rule for converting any number of farthings under a shilling 
into the nearest less decimal of three places. For, '001041666 is 

* When a dedmal follows a whole number* the decimal is always of the same unit 
as the whole number. Thus, 5'^ *5 is five teeonds and five-tenths of a second, Thus» 
(T •S means five-tenths of a second ; 0'> '3, three-tenths of an hour. 
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•ooi + '0000417 very nearly (151) ; hence, as far as three decimal 
places, we may call one farthing the thousandth part, two fartliings 
two thousandth parts, and so on, until the number of farthings is so 
great that the multiplication of •0000417 puts a figure in the third 
place of decimals, which can never happen until 24 farthings are taken, 
in which case ('ooi + '0000417) x 24 gives '024+ 'ooi, very nearly, or 
'025. From this up to 48 farthings, only one is carried to the third 
place, which gives the following rule : To convert any number of pence 
and farthings under a shilling into the equivalent decimal of a pound, 
convert the shillings and pence into farthings, add one, if their number 

be 24 or upwards, and make three decimal places. Thus i-d, is 
'I 4 

£•009 ; 10^ is £*044. 
4 

EXAMPLE. 

What decimal of a pound is 15*. 7-d, ? ' Here 15*. is "75, and y-d, 

I * * 

is '031 ; therefore, 15*. j-d. is '75 + '031, or £'781. 

The reverse rule, to convert a decimal of a pound into shillings, 

pence, and farthings, is as f«>llows : Double the first decimal place, and 

add one if the second place be 5 or upwards ; the result is the number 

of shillings. Form a number out of the second decimal figure, or what 

is left of it, after subtracting 5, and the third ; subtract one, if this 

number be 24 or upwards, and the result is the number of farthings, 

which must be turned into pence and farthings. 

EXAMPLE. 

What is £'376? Divide this into *35 and '026. The first place 

doubled, and increased by unity, gives 7 for the number of shillings ; 

the number in the second, 26, diminished by i, gives 25 for the number 

of farthings. 

Hence, £'376 is 78, 6-d, 

4 

£•064 I*. 3-rf. 

a 

£*998 19^. 11-^. 

4 

£•774 '5*' 5^- 



^•357 7*. ^h^' 



K 



4 

X 

4 



V 
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222. For calculations which require more correctness, we subjoin 

the opposite table : it is, however, tolerably easy to convert any 

number of shillings, pence, and farthings, into the eatcict decimal of a 

pound, by allowing 5000 for every shilling, 2500 for sixpence, 1250 for 

three pence, &c., and 1047 for every farthing ; and finally, by making 

5 decimal places. Thus, to find 179. jo-d,, we have, 

4 

Tar jSs. allow 80,000 

IS 5>ooo 

6d. 2,500 



• • • 



• • • 



• « • 



^d. 1,250 

3 ' 

'I 729^ 

'I 1 

17*. 10^. 18 ^'894797 « '894791666 
4 O 



-i 
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o 


3 


6 


9 


Com« Part 
000 


oooo 


0125 


0250 


0375 


I 
4 


CXDIO 


0135 


0260 


0385 


416 


I 

7. 


0020 


0145 


0270 


039s 


83J 


3 
4 


0031 


0156 


0281 


0406 


250 
666 


z 


4 7 


10 


0041 


0166 


0291 


0416 


I 
4 


0052 


0177 


030ft 


0427 


083 


I 

2 


0062 

\ 


01S7 


0312 


0437 


$00 


1 

4 


0072 


0197 


0322 


0447 


916 
333 


2 


5 


8 


II 


O0S3 


0208 


0333 


0458 


I 
4 


0093 


0218 


0343 


0468 


750 


I 

2 


0104 


0229 


0354 


0479 


166 


3 
4 


01 14 


0239 


0364 


04S9 


583 



To turn any number of pence and farthings into a decinial of a 
pound, look between the thick line« for the pence, and then look doxrn 
the column until you come opposite th« farthings : the first four figures 
of the decimid are there ; the rest are on the same line, in the column 
marked ewnmfm part. If more places be wanted, the last figure of the 
common part must be repeated as often as may be necessary. For 
example, z-d. is £*o 104 16666, &c« This table will be found con- 
venient, when, at often happens, the price of one hundred, one thou- 
sand, &c., is required, the price of one being given. For example, 

what do tea thousand east, where one costs £1 • 15 . 6- ? Here^ 154. 

4 
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is *75; by the table 6^d, is *o28i25. The price of one is therefore 

4 
1*778125; and that of ten thousand is 1*778125x10,000, or (141) 

17781*25, or £17781 . 5. 

223. The rnle of addition * of two componnd quantities of the same 

sort will be evident from the following example. Suppose it required 

to add £igz . 14 • 2- to £64 . 13 . 11-, the sum of these two is the 

whole of that which arises from adding their several parts. Now 



Id.^ irf. - irf. - 


£0 . • i~ 


(219) 


424 


4 




lid. + 2d. s i3dL » 


O.I.I 




i3«. + i4«. => 27«. s 


1.7.0 




£64 + £192 « 


256 .0.0 




The sum of all of which is. 


£257 .8.2- 
4 




lay be done at once, and written as follows : 




£192 . 14 . 


I 

2- 
2 




64 . 13 . 


III 
4 




£257 . 8 . 


I 
2- 

4 





Begin by adding together the farthings, and reduce the result to 
pence and farthings. Set down the last only, carry the first to the line 
of pence, and add the pence in both lines to it. Reduce the sum to 
shillings and pence ; set down the last onlyj and carry the first to the 
line of shillings, and so on. The same method must be followed when 
the quantities are of any other sort ; and if the tables are kept in 
memory, the process will be easy. 

224. Subtraction is performed on the same principle as in 
(40), namely, that the difference of two quantities is not altered by 

adding the same quantity to both. Suppose it required to subtract 

3 I 

£19 . 13 . 10- from £24 .5*7-* Write these quantities under one 

4 * 
another thus:-. 

* Before reading this article and the next, articles (29) and (4S) should be read 
again carefully. 
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3 
lO • It • io~ 

4 

Since ~ cannot be taken from - or -, add id. to both quantities, 
4 » 4 

which will not alter their difference ; or, which is the same thing, add 

4 farthings to the first,, and id. to the second. The pence and farthings 

in the two lines then stand thus: j-d, and ii-^. Now subtract ~ 

6 ^ 4^ ^ ,^ 

from -, and the difference is -, which must be written under the 

4 4 

farthings. Again, since i id, cannot be subtracted from yd., add is, to 

both quantities by adding izd. to the first, and it, to the second. The 

pence in the first line are then 19, and in the second 11, and the 

difference is 8, which write under the pence. Since the shillings in the 

lower line were increased by i, there are now i4«. in the lower, and 5^. 

in the upper one. Add 2o«. to the upper and £1 to the lower line, and 

the subtraction of the shillings in the second from those in the first 

leaves lu. Again, there are now £zo in the lower, and JC24 in the 

upper line, the difference of which is £4 ; therefore the whole difference 

of the two sums is £4 . 11 . 8-. If we write down the two sums with 

4 
all the additions which have been made, the process will stand thus :— 

6 

£24 . 25 . 19- 

4 

3 

20 « 14 . II- 

4 



9 
Difference £4.11. 8- 

4 

225. The same method may be applied to any of the quantities 
in the tables. The following is another example: 

From 7 cwt. 2 qrs. 21 lbs. 14 oz. 
Subtract 2 cwt. 3 qrs. 27 lbs. 12 oz. 
After alterations have been made similar to those in the last article, 
the question becomes — 

From 7 cwt. 6 qrs. 49 lbs« 14 oz. 
Subtract 3 cwt. 4 qrs. 27 lbs. 12 oz. 
The difference is 4 cwt. 2 qrs. 22 lbs. 2 oz. 
In this example, and almost every other, the process may be a little 

n2 
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shortened in the following way. Here we do not subtract 27 lbs. from 
21 lbs., which is impossible, but we increase 21 lbs. by i qr. or 28 lbs. 
and then subtract 27 lbs. from the sum. It would be shorter, and lead 
to the same result, first to subtract 27 lbs. from x qr. or 28 lbs. and add 
the difference to 21 lbs* 

226. EXERCISES. 

A man has the following sums to receive — £193 • 14 . 11-, 
? 1 4 

^22 . o . 6-^, £6473 .0.0, and £49 . 14 . 4- ; and the following 
4 I * I 

debts to pay — £200 . 19 . 6-, £305 . 16 . 11, £%Zj and £19 .6.0-. 

4 * 

How much will remain after paying the debts ? 

Answer^ £6190 • 7 • 4-. 

4 
There are four towns, In the order A, B, C, and D. If a man can 

go from A to B in 5^ 20™ 33% from B to C in 6^ 49™ 2", and from A 
to D in 19^ o™ 17', how long will he be in going from B to D, and from 
C to D ? Answer^ 13'' 39" 44% and 6*» 50™ 42». 

227* In order to perform the process of Multiplication, it must 
be recollected that, as in (52), if a quantity be divided into several 
parts, and each of these parts be multiplied by a number, and the 
products be added, the result is the same as would arise from multi- 
plying the whole quantity by that number. 

It is required to multiply £7 . 13 . 6- by 13* The first quautity is 

4 
made up of 7 pounds, 13 shillings, 6 pence, and i farthing. And 

I farth. X 13 is 13 farth. or £0 • o . 3- (219) 

6 pence x 13 is 78 pence, or 0.6.6 
13 shill. X 13 is 169 shiH. or 8.9.0 

7 pounds X 13 is 91 pounds, or 91 . 0.0 

The sum of all these is £99 . 15 . 9- 



which is therefore £7 . 13 • 6- x 13. 

This process is usually written as follows :•». 

£7 . 13 . 6- 
4 
13 



4 



£99 . IS . 9^ 
4 
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228. Division is performed upon the same principle as iir(74), 

viz. that if a quantity be divided into any number of parts, and each 

part be divided by any number^ the different quotients added together 

will make up the quotient of the whole quantity divided by that number. 

Suppose it required to divide £99 . 15 . 9- by 13. Since 99 divided by 

4 
13 gives the quotient 7, and the remainder 8, the quantity is made up 

of £13 X 7, or £91, and £8.15.9-. The quotient of the first, 13 being 

4 
the divisor, is £7 : ft remains to find that of the second. Since £8 is 

i6o«., £8.15.9- is i75«. 9-</., and 175 divided by 13 gives the 

4 4 1 

quotient 13, and the remainder 6; that is, 1759. ^--d. is made up of 

I . ^ 

169^. and 6«. 9-«?., the quotient of the first of which is 13^., and it 

remains to find that of the second. Since 6^. is 72d.y 6«. ^-d, is Zi-d,y 

4 4 

and 81 divided by 13 gives the quotient 6 and remainder 3 ; that is, 

2i-d, is 7Sd. and 3-</., of the first of which the quotient is 6d, 
4 4 

12 1 

Again, since 3</. is — , or 12 farthings, ^-d, is 13 farthings, the 

4 ,4 

quotient of which is i farthing, or -, without remainder. We have 

I 4 

then divided £99. i5.9-<f. into four parts, each of which is divisible 

4 
by 13, viz. £91, i69«., 78^., and 13 farthings; so that the thirteenth 

part of this quantity is £7 . 13 . 6-. The whole process may be written 

4 
down as follows ; and the same sort of process may be applied to the 

exercises which follow : 

£. s. d. £. J. d, 

13)99 15 97(7 13 ^ 
4 4 

21 

8 

20 

160+15 = 175 

13 

45 

39 

6 

12 

72 + 9 = 81 

3 
12 + 1 " 13 

»3 



■V'— ' - 1^ . _ .. i» ^ fa I. _^ — _ 
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Here, each of the numbers 99, 175, Si, and 13, Is divided by 13 in 

the usual way, though the divisor is only written before the first of 

them. 

EXEBCI8ES. 

2 cwt. I qr. 21 lbs. 7 oz. x 53 » 129 cwt. i qr. 16 lbs. 3 oz. 

2** 4** 3" 27* X 109 «ss 236** io*> 16" 3« 

£27 . 10 . 8 X 569 a £15666 .9.4 

£7 . 4 . 8 X 123 s £889 . 14 

£166 X — = £40 . 4 . 10 — 
33 33 

£187 . 6 . 7 X— =a £s . 12 . 4-~ 
100 4*5 

iLS, 6-rf. X 1121 = £254 .11.2- 
^2 2 

4«. 4^. X 4260 B £6«. 6(f. X 2840 

229. Suppose it required to find how many times \s, ^-d* is con- 

-9 4 

tained in £3 . 19 . lo^- The way to do this is to find the number of 

4 
farthings in each. By (219), in the first there are 65, and in the 

second, 3835 farthings. Now, 3835 contains 65, 59 times; and, 

therefore, the second quantity is 59 times as great as the first. In 

the case, however, of pounds, shillings, and pence, it would be best to 

use decimals of a pound, which will give a sufficiently exact answer. 

I "J 

Thus i«. 4-^. is '067, and £3 • 19 . 10- is £3*994, and 3*994 divided 

4 41 4 

by "067 is 3994 hy 67, or 59t-* This is an extreme case, for the 

smaller the divisor, the greater the effect of an error in a given place 

of decimals. 

EXERCISES. 

JIow many times does 6 cwt. 2 qrs. contain i qr. 14 lbs. i oz ? and 

jd 2^ o™ 47" contain 3™ 46'? Answer^ 17*30758 and 414*367257. 

If 2 cwt. 3 qrs. I lb. cost £150 . 13 . 10, how much does i lb. cost ? 

Answer, oj. od, — ^. 

309 
A grocer mixes 2 cwt. 15 lbs. of sugar at Jid. per pound with 

14 cwt. 3 lbs at 5^^. per pound. At how much per pound must he sell 

the mixture so as not to lose by mixing them ? Answer, Kd. - -^. 

4905 

230. There is a convenient method of multiplication called Prac- 
tice. Suppose I ask. How much do 153 tons cost, if each ton cost 
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£2.15.7-? It is plain that if this sum be multiplied by 153, the 
product is tlie price of the whole. But this is also evident, that, if I 
buy 153 tons at £2 . 15 .7- each ton, payment may be made by first 
putting down £2 for each ton, then los. for each, then 5«., then 6«?., 
and then i-d. These sums together make up £2.15. 7-<l. and the 
reason for this separation of £2 . 15 . 7- into different parts will be soon 
apparent. The process may be carried on as follows : 

1. 153 tons, at £2 each ton, will cost £306 o o 

2. Since io«. is £-, 153 tons, at io«. each, will cost 

£lll^ which is 76 



10 



3. Since 54. is — of io«., 153 tons, at 5«., will cost half 

as much as the same number at io«. each, that 

is, - of £76 . io«., which is 

^ I 

4. Since 6d, is — of 55., 153 tons, at Sd, each, will 

cost — of what the same number costs at c«. 
10 , 

each, that is, — of £38 . c, which is 

1 ^° I 

5. Since i- or 3 halfpence is - of 6d. or 12 halfpence, 

* I 4- 1 

153 tons, at i--d, each, will cost - of what the 

a 4 I 

same number costs at 6d, each, that is, - of 

4 



38 5 



3 16 6 



£3. 1 6. 6,. which is 



o 19 



£2 is 2 X £1 

los, is - of £1 

2 

KS. is - of I08. 
•' 2 

6rf. is — of Ks, 
10 ^ 

j-d, is - of 6d, 
2 4 



Sum 



306 o o 

76 10 o 

38 5 o 

3 16 6 



o 19 I- 

' 2 



£425 10 7- 



•0 
o 



§ 

c 

o 



(8 

u 
o 



2 O 

o 10 



o 
o 



I 
I- 

2 



£a 15 7- 
"^ 2 



I 
I- 

2 



The sum of all these quantities is 425 10 7- 

I * 

which, is, therefore, £2 . 15 . 7- x 153. 

The whole process may be written down as follows : 

£153 00 £1 per ton. 
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AyOTHEB, EXAMPLE. 

What do 1735 lbs. cost at 9*. 10^. per lb.? The price 95. lo-rf. 

I "*■ I . 1 "*• 

is made up of 5«., 4^., jod,, -d,, and --d. ; of which 5«. is - of £1, 

Ag. is - of £1, lorf. is -T of 5«., -rf. is — of lorf,, and -d. is - of -*d. 
Follow the same method as in the last example, which gives the 
following : 



^1735 



£1 per lb. 



5«- 


is 


I 
4 


of £1 


433 


15 





ts 

*> 





5 





AS. 


• 

IS 


1 

5 

1 


of £1 


347 








2 





4 





lod. 


is 


6 


of 5«. 


72 


5 


10 










10 


I 




I 








I 


m 






I 


^. 


is 




of lod. 


3 


12 


3- 


CO 








0- 


z 




20 








2 








2 


u 


is 


I 


orU. 


I 


16 


il 


.a 








I 
0- 


4 




2 


2 






4 


^ 

b 






4 



























by 1 


Addition ... 


£ 858 


9 


I 
3t 




£0 


9 


id 














4 








4 



In all cases, the price must first be divided into a number of parts, 
each of which is a simple fraction* of some one which goes before. 
No rule can be given for doing this, but practice will enable the student 
immediately to find out the best method for each case. When that is 
done, he must find how much the whole quantity would cost if each of 
these parts were the price, and then add the results together. 

EXERCISES. 

What is the cost of 

* I 9 

243 cwt. at £14 . 18 . 8- per cwt. ? — Answer, £3629 . i . o-. 

4 4 

169 bushels at £2 . I . 3- per bushel ? — Answer, £348 . 14 . 9-. 

4 4 

273 qrs. at 199. id, per quarter ?,~^An8wer, £261 . 12 . 6. 

2627 sacks at 7s. S-d. per sack ? — Answer, £1012 • 9 . 9-. 



* Any fraction of a unit, whose numerator it unity, it generally called an aiiquot 
part of that unit. Thus, St. and 10#. are both aliquot parta of a pound, being £- ■ 
and£~. 
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231. Throughout this section, it must be observed, that the rules 
can be applied to cases where the quantities given are expressed in 
common or decimal fractions, instead of the measures in the tables. 
The following are examples : 

What is the price of 272*3479 cwt. at £2 . i . 3I per cwt. » 

Answer^ £562-2849, or £562 .5.8-. 

66- lbs. at 1$, A-d. per lb. cost £4 . 11 . c-. 
2 ^2 "^ ^ •'4 

How many pounds, shillings, and pence, will 279*301 acres let for, 

if each acre lets for £3*1076 ? — Answer^ £867*9558, or £867 . 19 . i-. 
I ^ 12 4- 

What does - of ~ of 17 bush, cost, at - of - of £17 . 14 per bushel ? 
4 13 ' 5 3 , 1 

Answer^ £2*3146, or £2 . 6 . 3-. 

2 

What is the cost of 19 lbs. 8 oz. 12 dwt. 8 gr. at £4 . 4 . 6 per 

ounce ? — Answer^ £999 • 14 • i — . 

4 5 

232. It is often required to find to how much a certain sum per day 

will amount in a year. This may be shortly done, since it happens that 
the number of days in a year is 240+ 120 + 5 ; so that a penny per day 
is a pound, half a pound, and 5 pence per year. Hence the following 
rule : To find how much any sum per day amounts to in a year, turn it 
into pence, and fractions of a penny ; to this add the half of itself, and 
let the pence be pounds, and each farthing five shillings ; then add five 
times the daily sum, and the total is the yearly amount. For example, 

what does i2«. 3-^/. amount to in a year ? This is 147^6?., and its half 

7 ^ 3 ' S ^ 

IS IZt^'-i 'nrhich added to 147^. gives 221 |<f., which turned into pounds 

4^8 ^ 

18 j£22i . 12 . 6. Also, i2«. 3-^. X 5 is £3 . I . 6-, which added to 

4 9 4 

the former sum gives £224 . 14 . o- for the yearly amount. In the 

same way, the yearly amount of 2*. 3-rf. is £41 . 16 . 5-; that of 

3 3 * * 
6-^. is £10 •5*3-; and that of iid, is £ 16 . 14 . 7. 

4 4 

233. An inverse rule may be formed, sufficiently correct for every 

purpose, in the following way. If the year consisted of 360 days, or 

3 

- of 240, the subtraction of one-third from any sum per year would give 

the proportion which belongs to 240 days ; and every pound so obtained 

would be one penny per day. But as the year is not 360, but 365 days, 

if we divide each day's share into 365 parts, and take 5 away, the whole 

of the subtracted sum, or 360 x 5 such parts, will give 360 parts for each 
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of the 5 days which we neglected at first. But 360 such parts are left 

behind for each of the 360 first days ; therefore, this additional process 

divides the whole annual amount equally among the 365 days. Now, 

5 parts out of 365 is one out of 73 ; or the 73d part of the first result 

must he subtracted from it to produce the true result. Unless the daily 

sum be very large, fche 72d part will do equally well, which, as 72 

farthings are 18 pence, is equivalent to subtracting at the rate of one 

farthing for i%d,^ or -d, for 35., or lod, for £3. The rule, then, is 

as follows : To find how much per day will produce a given sum per 

year, turn the shillings, &c. in the given sum into decimals of a pound 

(221) ; subtract one-third ; consider the result as pence ; and diminish 

It by one farthing for every eighteen pence, or ten pence for every ^£3. 

For example, how much per day will give £224 . 14 • o^ per year ? 

4 
This is 224*703, and its third is 74*901, which subtracted from 224*703, 

gives 149*802, which, if they be pence, amounts to Z2«. ySo2d.y in 

which IS. 6d. is contained 8 times. Subtract 8 farthings, or zd,^ and 

we have i2«. 3*802^., which differs from the truth only about — of a 

farthing. In the same way, £100 per year is 5*. $-d. per day. 

4 
234. The following connexion between the measures of length and 

the measures of surface, is the foundation of the application of arithmetic 

to geometry. 

Suppose an oblong figure, a, b, c, d, as here drawn (which is called 

a rectangle in geometry), with the side a b 6 inches, and the side a c 4 



/ 

P 
h 



£ 



y 



m 



n 



inches. Divide a b and c D (which are equal) each into 6 inches by 
the points a, 6, 0, /, m, &c. ; and a c and b d (which are also equal) 
into 4 inches by the points/, ^, A, or, y^ and x. Join a and /, h and fit, 
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&c., and / and a, See. Then, the figure a b c d is divided into a 

number of squares ; for a square is a rectangle whose sides are equai, 

and therefore a o/e is square, sinoe a a is of the same length as a/, 

both being i inch. There are also four rows of these squares, with six 

squares in each row ; that is, there are 6 x 4, or 24 squares altogether. 

Each of these squares has its sides i inch in length, and is what was 

called in (215) a square inch. By the same reasoning, if one side had 

contained 6 yards^ and the other 4 yardsy the surface would have 

contained 6x4 square yards ; and so on. 

235. Let us now suppose that the sides of a b c d, instead of 

ABE being a whole number of inches, contain some inches 

and a fraction. For example, let a b be 3- inches, 

% 

7 I 

or (114) - of an inch, and let ac contain 2- inches, 

or - of an inch. Draw a e twice as long as a b, and 

4 
A F four times as long as a c, and complete the rect- 
angle A E F G. The rest of the figure needs no Ae^ 

scription. Then, since a £ is twice a b, or twice ~ 

2 

F G inches, it is 7 inches. And since a f is four times 

A c, or four times - inches, it is 9 inches. Therefore, the whole rect- 

4 
angle a e f g contains, by (234), 7 x 9, or 63 square inches. But the 

rectangle a e f g contains 8 rectangles, all of the same figure as a b c d; 

and therefore a b c d is one-eighth part of a e f g, and contains -^ 

6'2 9 7 

square inches. But -§■ is made by multiplying - and - together (118). 

o 4 ^ 

From this and the last article it appears, that, whether the sides of a 

rectangle be a whole or a fractional number of inches, the number of 

square inches in its surface is the product of the number of inches in its 

sides. The square itself is a rectangle whose sides are all equal, and 

therefore the number of square inches which a square contains is found 

by multiplying the number of inches in its side by itself. For example, 

8 square whose side is 13 inches in length contains 13 x 13, or 169 square 

inches. 



c D 



236. exercises. 

What is the content, in square feet and inches, of a room whose 

o 



146 COMMERCIAL ARITHMETIC. 

sides are 42 ft. 5 inch, and 31 ft. 9 inch. ? and supposing the piece from 
which its carpet is taken to be three quarters of a yard in breadth, what 
length of it must be cut off ?-^ Answer, The content is 1346 square feet 
105 square inches, and the length of carpet required is 598 feet 6^ 
inches. 

The sides of a rectangular field are 253 yards and a quarter of a 
mile ; how many acres does it contain ? — Atiswer, 23. 

What is the difference between 18 square miles, and a square of 18 
miles long, or 18 miles squared — Answer, 306 square miles. 

237. It is by this rule that the measure in (215) is deduced from 
that in (214) ; for it is evident that twelve inches being a foot, the 
square foot is 12 x 12, or 144 square inches, and so on. In a similar 
way it may be shewn that the content in cubic inches of a cube, or 
parallelopiped^* may be found by multiplying together the number of 
inches in those three sides which meet in a point. Thus, a cube of 
6 inches contains 6x6x6, or 216 cubic inches ; a chest whose sides 
are 6, 8, and 5 feet, contains 6 x 8 x 5, or 240 cubic feet. By this rule 
the measure in (216) was deduced from that in (2L4). 



SECTION II. 

RULE OF THREE. 



238. Suppose it required to find what 156 yards will cost, if 22 

yards cost ijs* ^d. This quantity, reduced to pence, is 2o8cf. ; and if 

208 
22 yards cost zoid., each yard costs — d. But 156 yards cost 156 

** 208 

times the price of one yard, and therefore cost ;; — x 156 pence, or 

— pence (117)* Again, if 25- French francs are 20 shillings 

sterling, how many francs are in £20 155.? Since 25- francs are 20 

shillings, twice the number of francs must be twice the number of 



* A parallelopiped, or more properly, a reckingular parallelopiped, Is a figure of the 
form of a brick ; its sides, however, may be of any length ; thus, the figure of a plank 
has the same name. A cube is a parallelopiped with equal sides, such as is a die. 
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shillings; that is, 51 francs is 40 shillings, and one shilling is the 

fortieth part of 51 francs, or ^ francs. But £20 15^. contain 415 

shillings (219) ; and since i shilling is ^- francs, 415 shillings is ^^ 

^ix4ic 40 40 

X415 francs, or (117) ^ -^-^ francs. 

239. Such questions as the last two belong to the most extensive 
rule in Commercial Arithmetic, which is called the Rule of Three, 
because in it three quantities are given, and a fourth is required to be 
found. From both the preceding examples the following rule may be 
deduced, which the same reasoning will shew to apply to all similar 
cases. 

It must be observed, that in these questions there are two quantities 
which are of the same sort, and a third of another sort, of which last 
the answer must be. Thus, in the first question there are 22 and 156 
yards and 208 pence, and the thing required to be found is a number of 
pence. In the second question there are 20 and 415 shillings and 25- 
francs, and what is to be found is a number of francs. Write the three 
quantities in a line, putting that one last which is the only one of 
its kind, and that one first which is connected with the last in the 
question.* Put the third quantity in the middle. In the first question 
the quantities will be placed thus : 

22 yds. 156 yds. 179. 42/. 

In the second question they will be placed thus : 

2o«. £20 15& 25- francs. 

Reduce the first and second quantities, if necessary, to quantities of 
the same denomination. Thus, in the second question, £20 15^. must 
be reduced to shillings (219). The third quantity may also be reduced 
to any other denomination, if convenient ; or the first and third may 

* This generally comes in the same member of the sentence. In some cases the 
ingenuity of the student must be employed in detecting it. The reasoning of (238) is 
the best guide. The following may be very often applied. If it is evident that the 
answer must be less than the given quantity of its kind, multiply that given quantity 
by the less of the other two ; if greater, by the greater. Thus, in the first question, 
106 yards must cost more than 28 ; multiply, therefore, by 156, 
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be multiplied by any quantity we please, as was done in the second 
question ; and, on looking at the answer in (238), and at (108), it will 
be seen that no change is made by that multiplication. Multiply the 
second and third quantities together, and diWde by the first. The 
result is a quantity of the same sort as the third in the line, and is the 

answer required. Thus, to the first question the answer is (238) 

2o8 X 156 u« u • »v *u« *7«- 4«'« >^ 15^ 

^- pence, or which is the same thing, — ^ — =^. 

22 22 

240. The whole process in the first question is as follows :* 



Yds. 


Yds. 


«. d. 


22 : 


156 


:: 17.4- 
12 

208 pence 
156 

1248 
1040 
208 



22) 32448(1474^. and — , or — of a farthing, 
4 22 1 1 

!1 or (219) £6 . 2 . loi -^. 

104 ^ ** 

88 



164 
'54 

108 
88 

20 
(228) 4 

80 
66 

Th« question might have been solved without reducing i7«. 4c/. to 
pence, thus; 



* It is usual to* place points* in the manner here shewn* between the quantities. 
Those who have read Section VIII. will see that the Rule of Three is no more Chan 
the process for finding the fourth term of a proportion from the other three. 
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YdB. Yds. #. rf. 

22 : 156 :: 17 . 4 

156 (227) 

22) £135 . 4 . o{jC6 . 2 . ic4 — (228) 

A. Jl 
132 ^ 

3 X 20 -1- 4 s 64 
44 

20 X 12 8s 240 

220 

20 X 4 =s go 

66 

14 

The student must learn by practice which is the most convenient 
method for any particular case, as no rule can be given. 

241. It may happen that the three given quantities are all of one 
denomination ; nevertheless, it will be found that two of them are of 
one, and the third of another sort. For example: What must an 
income of £400 pay towards an income-tax of 45. 6d. in the pound ? 
Here the three given quantities are, £400, 4». 6rf., and £1, which are 
all of the same species, vHe. money. Neverthelras, the first and third 
are income ; the second is a tax, and the answer is also a tax ; and 
therefore, by (152), the quantities must be placed thus : 

£1 : £400 :: 4s. 6d, 

242, The following exercises either depend directly upon this rule, 
or can be shewn to do so by a little consideration. There are many 
questions of the sort, which will require some exercise of ingenuity 
before the method of applying the rule can be found. 

EXERCISES. 

If 15 cwt. 2 qrs. cost £198 .15.4, what does i qr. 22 lbs. cost ? 

Answer^ ^5 • 14 . 5- — . 

If a horse go 14 m. 3 fur. 27 yds. in 3h 26n» i2«, how long will he Ye 

in going 23 miles ? Aruwer, s^ 29°» 34- -M^. 

Two persons, A and B, are bankrupts, and owe exactly the^Ume 

02 
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sum ; A can pay 15*. 4-4^. in the pound, and B only 7^. 6^ At the 

* 4 

tame time, A has in his possession £1304 . 17 more than B; what do 

the debts of each amount to ? Answer^ ^334(3 .8.3 — ^. 

I 4 *S 

For every 12^ acres which one country contains, a second contains 

56-. The second country contains 17,300 square miles. How much 

4 
does the first contain? Again, for every 3 people in the first, there 

are 5 in the second ; and there are in the first 27 people on every 20 

acres. How many are there in each country ?-. Answer, Tlie number 

of square miles in the first is 3844-, and its population 3,321,600; and 

the population of the second is 5,536,000. 

If 42- yds. of cloth, 18 in. wide, cost £59 . 14 . 2, how much will 
1 * 4 

118- yds. cost, if the width be i yd. ? Answer y £332 . 5 • 2-^. 

If £9 . 3 . 6 last six weeks, how long will £100 last ? 

Answer, 65 — ^ weeks. 
1 367 

How much sugar, worth 9^. a pound, must l>e given for 2 cwt. of 

4 55 

tea, worth lod, an ounce ? Answer, 32 cwt. 3 qrs. 7 lbs. =^. 

243. Suppose the following question asked t How long will it take 

1 5 men to do that which 45 men can finish in 10 days ? It is evident 

that one man would take 45 x 10, or 450 days, to do the same thing, 

and that 15 men would do it in one-fifteenth part of the time which it 

employs one man, that is, in ^^, or 30 days. By this and similar 

reasoning the following questions can be solved. 



EXEUCISES. 

If 15 oxen eat an acre of grass in 12 days, how long will it take 26 

12 
oxen to eat 14 acres ? Answer, q6 — days. 

13 
If 22 masons build a wall 5 feet high in 6 days, how long will it 

take 43 masons to build 10 feet ? Answer, 6 — days. 

43 
244. The questions in the preceding article form part of a more 

general class of questions, whose solution is called the Double Rule 

OF Three, but which might, with more correctness, be called the 

Rule of Five, since five quantities are given, and a sixth is to be found. 

The following is an example : If 5 men can make 30 yards of cloth in 

3 days, how long will it take 4 men to make 68 yards ? The first 
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thing to be done is to find out, from tbe first part of the question, the 
time it will take one man to make one yard. Now, since one man, in 
three days, will do the fifth part of what 5 men can do, he will in 3 days 

^O ^ IXC 

make ^ or 6 yards. He will, therefore, make one yard in ^ or in ~ — ^ 
of a day. From this we are to find how long it will take 4 men to make 

9 X c 

68 yards. Since one man makes a yard in ^ — ~ of a day, he will make 

68 yards in - — - x 68 days, or (116) in ^ — days ; and 4 men will 

3® 3® ^ X c. X 68 

do this in one- fourth of the time, that is (123), in ^ — < days, or in 

1 30** 4 

8- days* 

Again, suppose the question to be:— If 5 men can make 30 yards in 

3 days, how much can 6 men do in 12 days ? Here we must first find 

the quantity one man can do in one day, which appears, on reasoning 

similar to that in the last example, to be -^ — yards. Hence, 6 men, 

6 X ^o 3^5 

in one day, will make ^ yards, and in 12 days will make 

12x6x30 , S^ Z 

^ or 144 yards. 

5x3 ' ^ ' 

From these examples the following rule may be drawn. Write the 
given quantities in two lines, keeping quantities of the same sort under 
one another, and those which are connected with each other in the 
same line. In the two examples above given, the quantities must be 
written thus : 

5 men 30 yds. 3 days. 




4 men. 68 yds. 

SECOND EXAMPLE. 
6 men. 30 yds. 3 days. 




6 men. 12 days. 

Draw a curve through the middle of each line, and the extremities 
of the other. There will be three quantities on one curve, and two on 
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the other. Divide the prodact of the three by the product of the two, 
and the quotient is the answer to the question. 

If necessary, the quantities in each line must be reduced to more 
simple denominations (219), as was done in the common Rule of 
Three (238). 

EXERCISES. 

If 6 horses can, in 2 days, plough 17 acres, how many acres will 

93 horses plough in 4- days? Answer^ 592^* 

I * " 

If 20 men, in 3- days, can dig 7 rectangular fields, the sides of each 

• 4 

of which are 40 and 50 yards, how long will 37 men be in digging 53 

fields, the sides of each of which are 90 and 125- yards ? 

Aruwer^ 75 ^^ days. 
"^20720 ' 

If the carriage of 60 cwt. through 20 miles, cost £14 io«. what 
weight ought to be carried 30 miles for £5 . 8 . 9 ? Aruwer, 15 cwt. 

If £100 gain £$ in a year, how much will £850 gain in 3 years 
and 8 months? Answer^ £155 . 16 . 8. 



SECTION III. 

INTEREST, ETC. 

245. In the questions contained in this Section, almost the only 
process which will be employed, is the taking a fractional part of a 
sum of money, which has been done before in several cases. Suppose 
it required to take 7 parts out of 40 from £16, that is, to divide £16 

into 40 equal parts, and take 7 of them. Each of these parts is £ — ^ 

16 16x7 ' 40 

and 7 of them make -^ x 7, or • pounds (116). The process may 

be written as in the accompanying example: 
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7 



4X>)ii2(£2 . i6«. 
80 

20 
640 

240 
240 



Suppose it required to take 13 parts out of a hundred fV-om 
£56 . 13 . 7^. 

56 . 13 . 7^ 
i3_ 

K>o)736 . 17 . ii(£7 . 7 . 4! ii 

700 

36 X 20+ 17 « 737 
700 

37 X 12 + I « 445 
400 

45 X 4 + 2 "B 182 
100 

Let it be required to take 2- parts out of a hundred from £3 lis, 

»nu 1* u *i. 1 * ^3 12*. X2| ,__-. £3 12*. X 5 

The result, by the same rule, is — ^ 2. or (123) -^ ^ ; 

' J 100 ^ ' 200 

so that taking 2- out of a hundred is the same as taking 5 parts out 

2 

of 200. 

EXEBCISES. 

Take 7- parts out of 53 from £1 10s, Atiswery as. i — ^rf. 

_ 3 , ' ^ 159 

Take 5 parts out of 100 from £107 1^8, ^Ad, 



4 3 

Answer, £5.7.8 and ~ of a farthing. 

20 

£56 3«. zd, is equally divided among 32 persons. How much 
does the share of 23 of them exceed that of the rest ? 



Answer, £24 . 11 .4 — . 
' ^ 22 
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246. It is usual, .in mercantile business, to mention the fraction 
which one sum is of another, by saying how many parts out of a 
hundred must be taken from the second in order to make the first. 
Thus, instead of saying that £i6 ii«. is the half of £33 4*., it is said 
that the first is 50 per cent of the second. Thus, £5 is 2- per cent of 

200 ; because, if £200 be divided into 100 parts, 2- of those parts are 

2 

£5. Also, £13 is 150 per cent of £8 . 13.4, since the first is the 
second, and half the second. Suppose it asked. How much per cent is 
23 parts out of 56 of any sum ? The question amounts to this : If he 
who has £56 gets £100 for them, how much will he who has 23 receive f 

mti ){ 100 240O I _ 

This, by (238), is -=—7 — , or -—-, or 41 — . Hence, 23 out of 56 is 

I 5^ 5^ '4 

41 — percent. 

Similarly, 16 parts out of 18 is — , or 88- per cent, and 2 

^ ^ .. 2x100 " 9 

parts out of 5 is , or 40 per cent. 

From which the method of reducing other fractions to the rate per 
cent is evident. 

Suppose it asked. How much per cent is £6 . 12 . 2 of £z2 . 3 ? 

Since the first contains is%Sd^ and the second 29i6<f., the first is 1586 

158600 
out of 2916 parts of the second ; that is, by the last rule, it is -^ — 7-9 

or 54 — ^, or £54 . 7 . 9- per cent, very nearly. The more expeditious 

way of doing this is to reduce the shillings, &c. to decimals of a pound. 
The rule in (221) will usually give the rate per cent to the nearest 
shilling, which is near enough for all practical purposes. For instance, 
in the last example, which is to find how much £6*6o8 is of £12- 15, 
6*6o8 X 100 is 660*8, which divided by 12*15 S^^^ ^54*3^9 or £54 . 7. 
Greater correctness may be had, if necessary, by using the table in 
(222). 

EXERCISES. 
1 3 

How much per cent is 198- out of 233 parts F—^fu. £85 . i . 8>. 

4 4 

Goods which are bought for £193 . 12, are sold for £216 . 13 . 4; 
how much per cent has been gained by them ? 

Answevy A little less than £11 . 18 . 6. 



r 
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A sells goods for B to the amount of £230 . 12, and is allowed a 

commission* of 3 per cent ; what does that amount to ? 

Answer^ £6 , iS . 4--^. 
I 445 

A stockbroker buys £1700 stock, brokerage being at £- per cent ; 

what does he receive ? — Answer^ £2.2.6. 

A ship whose value is £15,423 is insured at 19- per cent; what 

3 12 
does the insurance amount to ? — Answer, ^3^33 • 3 • 9--* 

247. In reckoning how much a bankrupt is able to pay his creditors, 
as also to how much a tax or rate amounts, it is usual to find how many 
shillings in the pound is paid. Thus, if a person who owes £100 can 
only pay £50, he is said to pay io«. in the pound. The rule is easily 
derived from the same reasoning, as in (246). For example, £50 out 
of £82 is £|- out of £1, or ■5— 5 shillings, or 12*. 2 — - in the 

o2 o2 4 4' 

pound. 

248. Interest is money paid for the use of other money, and is 
always a per-centage upon the sum lent. Is may be paid either yearly, 
half-yearly, or quarterly ; but when it is said that £100 is lent at 
4 per cent, it must be understood to mean 4 per cent per annum ; that 
is, that 4 pounds are paid every year for the use of £100. 

The sum lent is called the principal, and the interest upon it is of 
two kinds. If the borrower pay the interest as soon as, from the agree- 
ment, it becomes due, it is evident that he has to pay the same sum 
every year ; and that the whole of the interest which he has to pay in 
any number of years, is one year's interest multiplied by the number of 
years. But if he does not pay the interest at once, but keeps it in his 
hands until he returns the principal, he will then have more of his 

* Commiarion is what is allowed by one merchant to another for buying or selling 
goods for him, and is usually a per-centage on the whole sum employed. Brokerage is 
an allowance similar to commission, under a difEferent name, principally used in the 
buying and selling of stock in the funds. 

Insurance is a per-centage paid to those who engage to make good to the payers 
any loss they may sustain by accidents from fire, or storms, according to the agree- 
ment* up to a certain amount which is named, and is a per-centage upon this amount. 
Tare, tret, and cloff, are allowances made in selling goods by wholesale, for the weight 
of the boxes or barrels which contain them, waste, &c. ; and are usually either the 
price of a certain number of pounds of the goods for each box or barrel, or a certain 
allowance on each cwt. 
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creditor's money in his hands every year, and (if it were so ag^ed) 

will have to pay interest upon each year's interest for the time during 

which he keeps it after it becomes due. In the first case, the interest 

is called ttrnple, and in the second compound. The interest and principal 

together are called the amount. 

249. What is the simple interest of £1049 . 16 . 6 for 6 years and 

one-third, at 4- per cent ? This interest must be 6 - times the in. 
2 3 

terest of the same sum for one year, which (245) is found by multiplying 
the sum by 4-, and dividing by 100. The process is as in the first 
column following : 

(230) (o) 



£1049 • 


16 


.6 


4199. 

5*4- 


6. 
18. 


.0 
3 



(82) 



(228) 



(6) 



»x6 



«xi 



11X4 

I 

ox- 

2 



100)47,24 .4.3 (£47 . 4 . 10 
20 

4,84* 
12 

10,11 1 

JG47 .4.10 Int. for one yr. 

^ ^ 100 



II 

100 



283 .9.0 
15. 14. II 



66 
100 

37 
100 



1049*825 

4 

4199*300 

100)4724*213 
47*2421 
6 



283*4526 

i5'7474 

299*2000 

» £299 .4.0 



3 1 

£209 .4.0 -=- Int. for 6- yrs. 
'^ 100 3 ' 

The process may be shortened by using decimals, as in the second 
column. 

EXERCISES. 

What is the interest of £105 .6.2^ for 19 years and 7 weeks, at 3 
per cent ? Answer^ £60 . 9, very nearly. 



* Here the 4*. from the dividend is taken in. 
t Here the 3d. ftom the dividend is takon in. 



/ 
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What is the difference between the interest of ^£50 . 19, for 7 years, 
at 3 per cent, and for 8 years, at 2- per cent ? Answer^ 10s, z-d. 

What is the interest of £157 • 17.6 for one year, at 5 per cent? 

Answer, £7 , 17 . 10-. 

Shew that the interest of any sum for 9 years, at 4 per cent, is the 
same as that of the same sum for 4 years at 9 per cent. 

250. In order to find the interest of any sum at compound interest, 
it is necessary to find the amount of the principal and interest at the 
end of every year ; because in this case (248) it is the amount of both 
principal and interest, at the end of the first year, for which interest 
accumulates during the second year. Suppose, for example, it is re- 
quired to find the interest, for 3 years, on £100, at 5 per cent, compound 
interest. The following is the process : 

£100 First principal. 

5 First year's interest. 
105 Amount at the end of the first year. 

(249) 5 • 5 Interest for the second year on £105. 
1 10 . 5 Amount at the end of two years. 
5 . 10 . 3 Interest due for the third year. 



115 . 15 . 3 Amount at the end of three years. 
100 . 0.0 First principal. 
15 . 15 . 3 Interest gained in the three years. 

When the number of years is great, and the sum considerable, this 
process is very troublesome ; on which account tables * are constructed 
to shew the amount of one pound, for different numbers of years, at 
different rates of interest. To make use of these tables in the present 
example, look into the column headed '' 5 per cent ;** and opposite to 
the number 3, in the column headed *' Number of years,** is found 
1*157625; meaning that £1 will become £1*157625 in 3 years. Now, 
£ico must become 100 times as great; and 1*157625 x zco is 115*7625 

* Sufficient tables for all common purposes are contained in the article on Interest, 
in the Penny Cyclopaedia; and ample ones in the Treatise on Annuities and 
Rerersions, in the Library of Useful Knowledge. 
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(141); but (221) £7625 is i$8. ^d,; therefore the whole amount of 
£ico is £115 . 1 5 . 3, as before. 

251. Suppose that a sum of money has lain at simple interest 4 
years, at 5 per cent, and has, with its interest, amounted to £350 ; it is 
required to find what the sum was at first. Whatever the sum was, if 
we suppose it divided Into zoo parts, 5 of those parts were added every 
year for 4 years, as interest ; that is, 20 of those parts have been added 
to the first sum to make £350. If, therefore, £350 be divided into 
120 parts, 100 of those parts are the principal which we want to find, 

and 20 paris are interest upon it ; that is, the principal is £ , 

or £291 . 13 .4. 

252. Suppose that A was engaged to pay B £350 at the end of four 
years from this time, and that it is agreed between them that the debt 
shall be paid immediately ; suppose, also, that money can be employed 
at 5 per cent, simple interest ; it is plain that A ought not to pay the 
whole sum, £350, because if he did, he would lose 4 years* interest of 
the money, and B would gain it. It is fair, therefore, that he should 
only pay to B as much as will, with interest^ amount in four years to 
£350, that is (?5l), £291 .13.4. Therefore, £58 . 6 . 8 must be struck 
off the debt in consideration of its being paid before the time. This is 
called Discount ; and £291 . 13 . 4 is called the present value of £350 
due four years hence, discount being at 5 per cent. The rule for 
finding the present value of a sum of money (251) is: Multiply the 
sum by 100, and divide the product by 100, increased by the product of 
the rate per cent and number of years. If the time that the debt has 
yet to run is expressed in years and months, or months only, the months 
must be reduced to the equivalent fraction of a year. 

EXERCISES. 

What is the discount on a bill of £138 . 14 . 4 due 2 years hence, 
discount being at 4- per cent ? Answer, £11.9.1. 

What is the present value of £1031 . 17 due 6 months hence, 
interest being at 3 per cent? Answer^ £1016 . 12. 

253. If we multiply by a + b, or by a— 5, when we should multiply 
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by a, the result is wrong by the fraction 7, or -, of itself : being 

too great in the* first case and too small iu the second. Again, if we 
divide by a + 6, where we should have divided by a, the result is too 
small by the fraction - of itself; while, if we divide by a—b instead 
of a, the result is too great by the same fraction of itself. Thus, if we 
divide by 20 instead of 17, the result is ~ of itself too small; and if 
we divide by 360 instead of 365, the result is too great by -|-, or — 
of itself. 

If then we wish to find the interest of a sum of money for a portion 
of a year, and have not the assistance of tables, it will be found coii- 
venient to suppose the year to contain only 360 days, in which ease i«« 
73rd part (the yand part will generally do) must be subtracted from the 
result, to make the alteration of 360 into 3^65. The number 560 has so 
large a number of diirisors, that the rule of Practice (230) may always 
be readily applied. Thus, it is required to find Uie portion which 
belongs to 274 days, the yearly interest being £18 . 9 . 10, or i8*49X* 

274 1 8*491 



180 is - of 360 


9*246 


94 




00 is - of 180 
^ 2 


4-623 


4 is — of 360 
90 


•205 
9)14-074 




8)1-564 



-196 
13-878 = £13 . 17 . 7 Answer* 

But if the nearest farthing be wanted, the best way is to take 
2.tenths of the number of days as a multiplier, and 73 as a divisor ; 
since fn-f-365 is 2 w -!- 730, or — m -^ 73. Thus, in the preceding in- 
stance, we multiply by 54*8 and divide by 73 ; and 54*8 x 18-491 » 
1013-3068, which divided by 73 gives 13*881, very nearly agreeing with 

the former, and giving £13 . 17 . 7-, which is certainly within a 

2 

farthing of the truth. 

254. Suppose it required to divide £100 among three persons In 
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such a way that their shares may be as 6, 5, and 9 ; that is, so that 

for every £6 which the first has, the second may have £$, and the 

third £9. It is plain that if we divide the j£ioo into 6 + 5 + 9, or 20 

parts, the first must have 6 of those parts, the second 5, and the third 9. 

Therefore (246) their shares are respectively, £ , £ -, and 

100 X o zo 20 

£-— - — -, or £30, £25, and £45. 

EXEECISE8. 

Divide £394 • 12 among four persons, so that their shares may be 

as 1, 6, y, and iS-^^Answer, £iz .6.7-; £73 . 19 • 9 ; £86 .6.4-; 

2 2 

£221 . 19 . 3. 

Divide £20 among 6 persons, so that the share of each may be as 
much as those of all who come before put together. — Answer^ The first 
two have iis* 6(L ; the third £1.5; the fourth £2 . 10 ; the fifth £5 ; 
and the sixth £10. 

255. When two or more persons employ their money together, and 

gain or lose a certain sum, it is evidently not fair that the gain or loss 

should be equally divided among them all, unless each contributed the 

same sum. Suppose, for example, A contributes twice as much as B, 

and they gain £15, A ought to gain twice as much as B ; that is, if the 

whole gain be divided into 3 parts, A ought to have two of them' and 

B one, or A should gain £zo and B £5. Suppose that A, B, and 

engage in an adventure, in which A embarks £250, B £130, and C 

£45. They gain £iooo. How much of it ought each to have ? Each 

one ought to gain as much for £1 as the others. Now, since there are 

250+130 + 45, or 425 pounds, embarked, which gain £1000, for each 

pound there is a gain of £ . Therefore A should gain ^ 

425 425 

J » 1 u • 1000x130 1000x45 

pounds, B should gain ^^ pounds, and C ^ pounds. 

425 425 

On these principles, by the process in (245), the following questions 

may be answered. 

A ship is to be insured, in which A has ventured £1928, and B 

£4963. The expense of insurance is £474 . 10 . 2. How much ought 

each to pay of it ? Answer^ A must pay £132 • 15 . 2-. 

2 

A loss of £149 is to be made good by three persons, A, B, and C. 
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Had there been a gain, A would have gained 4 times as much as B, 

and C as much as A and B together. How much of the loss must 

each bear ? Answer^ A pays £59 . 12, B £14 . iS, and C £74 • 10. 

256. It may happen that several individuals employ several sums of 

money together for different times. In such a case, unless there is a 

special agreement to the contrary, it is right that the more time a sum 

is employed, the more profit should be made upon it. If, for example, 

A and B employ the same sum for the same purpose, but A*8 money is 

employed twice as long as B's, A ought to gain twice as much as B. 

The principle is, that one pound employed for one month, or one year, 

ought to give the same return to each. Suppose, for example, that A 

employs £3 for 6 months, B £4 for 7 months, and G £12 fbr 2 months, 

and the gain is £100 ; how much ought each to have of It ? Now, 

since A employs £3 for 6 months, he must gain 6 times as much as if he 

employed it one month only ; that is, as much as if he employed £6 x 3, 

or 18, for one month : also, B gains as much as if he had employed 

£4x7 for one month, and C as if he had employed £12 x 2 for one 

month. If, then, we divide £100 into 6x3+4x7+12x2, or 70 

parts, A must have 6x3, or 18, B must have 4x7, or 28, and C 

12 X 2, or 24 of those parts. The shares of the three are, therefore, 
^ 6x3x100 4x7x100 , - 12 X 2 X 100 



6x3+4x7+12x2 6x3+4x7 + 12x2 6x3+4x7 + 12x2 

EXERCISES. 

A, B, and C embark in an undertaking; A placing £3 . 6 for 
2 years, B £100 for i year, and C £12 for i- years. They gain 
£4276 . 7. How much must each receive of the gain ? 

Answer^ A £226 • 10 . 4; B £3432 .1.3; G £617 . 15 . 5. 
A, B, and G rent a house together for two years, at £150 per annum. 
A remains in it the whole time, B, 16 months, and G, 4- months, during 
the occupancy of B. How much must each pay of the rent ? * 

Answer, A should pay £190 . 12 . 6 ; B £90 . 12 . 6 ; G £18 . 15. 

* This question does not at first appear to fall under the rule. A little thought will 
serve to shew, that what probably will be the firsc idea of the proper method of solution 
ii erroneous. 
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257> These are the principal rules employed in tlie application of 
arithmetic to commerce. There are others, which, as no one who under- 
stands the principles here laid down can fail to see, are virtually con- 
tained ill those which have been given. Such is what is commonly 
called the Rule of Exchange, for such questions as the following : If 

20 shillings be worth 25- francs, in France, what is £160 worth ? This 

2 

may evidently be done by the Rule of Three. The rules here given 
are those which are most useful in common life ; and the student who 
understands them need not fear that any ordinary question will be abov^ 
his reach. 



APPENDIX. 



RULES FOR THE APPLICATION OF ARITHMETIC TO 

GEOMETRY. 

258. The student should make himself familiar with the most 
common terms of Geometry, after which the following rules will pre- 
sent no difficulty. In them all, it must be understood, that when we 
talk of multiplying one line by another, we mean the repetition of one 
line as often as there are units of a given kind, as feet or inches, in 
another. In any other sense, it is absurd to talk of multiplying a 
quantity by another quantity. All quantities of the same kind should 
be represented in numbers of the same unit ; thus, all the lines should 
be either feet and decimals of a foot, or inches and decimals of an inch, 
&c. And in whatever unit a length is represented, a surface is ex- 
pressed in the corresponding square units, and a solid in the corre- 
sponding aibic units* This being understood, the rules apply to all 
sorts of units. 

259. To find the area of a rectangle. Multiply together the units 
in two sides which meet, or multiply together two sides which meet ; 
the product is the number of square units in the area. Thus, if 6 feet 
and 5 feet be the sides, the area is 6 x 5, or 30 square feet. Similarly, 
the area of a square of six feet long is 6 x 6, or 36 square feet (234). 

To find the area of a parallelogram. Multiply one side by the per. 
pendicular distance between it and the opposite side ; the product is the 
area required in square units. 

To find the area of a trapexium,* Multiply either of the two sides 

* A four-Bided figure, which has two sides parallel, and two sides not parallel. 
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which are not parallel, by the perpendicular let fall upon it from the 
middle point of the other. 

To find the area of a triangle. Multiply any side by the perpen- 
dicular let fall upon it from the opposite vertex, and take half the 
product. Or, halve the sum of the three sides, subtract the three sides 
severally from this half sum, multiply the four results together, and 
find the square root of the product. The result is the number of square 
units in the area ; and twice this, divided by either side, is the perpeu- 
dicular distance of that side from its opposite vertex. 

To find the radius of the internal circle which toucl^s the three sides 
of a triangle. Divide the area, found in the last paragraph, by half the 
sum of the sides. 

260. Given the two sides of a right-angled triangle^ to find the 
hypothenuse. Add the squares of the sides, and extract the square 
root of the sum. 

Given the hypothenuse and one of the sides^ to find the other side. 
Multiply the sum of the given lines by their difference, and extract the 
square root of the product. 

261. To find the circumference of a circle from its radius, very nearly. 
Multiply twice the radius, or the diameter, by 3*1415927, taking as 
many decimal places as may be thought necessary. For a rough com- 
putation, multiply by 22 and divide by 7. For a very exact computation, 
in which decimals shall be avoided, multiply by 355 and divide by Z13. 
See (131, last example). 

To find the arc of a circular sector , very nearly, knowing the radius 
and the angle. Turn the angle into seconds,* multiply by the radius, 
and divide the product by 206265. The result will be the number of 
units in the arc. 

To find the area of a circle from its radius, very nearly. Multiply 
the square of the radius by 3*1415927. 

* The right angle is divided into 90 equal parts called degt-eet, each degree into 
60 equal parts called minutes, and each minute into 60 equal parts called seccndg, Thut« 
$P lb' A<y' means 2 degrees, 15 minutes, and 40 seconds. 
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To find the area of a sector^ very nearly, knowing the radius and the 
angle. Turn the angle into seconds, multiply by tlte square of the 
radius^ and divide by 106265 x 2, or 412530. 

262. To find the solid content of a rectangular paraXlelopiped^ Mul- 
tiply together three sides which meet : the result is the number of cubic 
units required. If the figure be not rectangular, multiply the area of 
one of its planes by the perpendicular distance between it and its 
opposite plane. 

To find the solid content of a pyramid. Multiply the area of tl;e 
base by the perpendicular let fall from the vertex upon the base, and 
divide by 3. 

To find the solid content of a prism, Afultiply the area of the base 
by the perpendicular distance between the opposite bases. 

263. To find the surface of a sphere. Multiply 4 times the square 
of the radius by 3*1415927. 

To find the solid content of a sphere. Multiply the cube of the radius 
by 3-1415927 X -, or 4*18879. 

To find the surface of a right cone. Take half the product of the 
circumference of the base and slanting side. To find the solid content, 
take one-third of the product of the base and the altitude. 

To find the surface of a right cylinder. Multiply the circumference 
of the base by the altitude. To find the solid content, multiply the area 
of the base by the altitude. 

264. The weight of a body may be found, when its solid content is 
known, if the weight of one cubic inch or foot of the body Is known. 
But it is usual to form tables, not of the weights of a cubic unit of 
different bodies, but of the proportion which these weights bear to some 
one amongst them. The one chosen is usually distilled water, and tl>e 
proportion just mentioned is called the specific gravity. Thus, the 
specific gravity of gold is 19*362, or a cubic foot of gold is 19*362 times 
as heavy as a cubic foot of distilled water. Suppose now the weight of 
a sphere of gold is required, whose radius is 4 inches. The content oi 
this sphere is 4x4x4x4*1888, or 268*0832 cubic inches; and since, 

a 
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by (217)9 each cubic iucli of water weight 251*458 grains, each cubic 
Inch of gold weighs 252*458x19*362, or 4888*091 grains; so that 
268*0832 cubic inches of gold weigh 268*0832 x 4888*091 grains, or 227- 
pounds troy nearly. Tables of specific gravities may be found in most 
works of chemistry and practical mechanics. 

The cubic foot of water is 908*8488 troy ounces, 75*7374 troy 
pounds, 997*1369691 averdupois ounces, and 621*3210606 averdupois 
pounds. For all rough purposes it will do to consider the cubic foot 
of water as being 1000 common ounces, which reduces tables of specific 
gravities to common terms in an obvious way. Thus, when we read of 
a substance which has the specific gravity 4*1x72, we may take it that a 
cubic foot of the substance weighs 41 17 ounces. For greater correctness, 
diminish this result by 3 parts out of a thousand. 



THE END. 
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In 1814, Mr. Barlow, of the Royal Military Academy, 
published a mote extensive table of the kind above described 
than had previously existed. At that time we believe no one 
table contained more than the first thousand numbers. 

The extent and accuracy of Mr. Barlow's performance 
gained for it a high reputation among mathematicians, which 
was enhanced by the additional Tables of Prime Numbers, 
Hyperbolic Logarithms, &c. &c. &c. These, however, though 
indispensable to the scientific calculator, are of little use to 



the practical engineer ; and it may be that the mixture of the 
Tables, which are now reprinted, with others of a less general 
character, and with collections of mathematical formalse, pre- 
vented practical men from seeing how great an accession of 
calculating power was within their reach. 

It mtfst be added, that the type and paper were of the 
worst quality, and that a combination' of circumstances kept 
the work out of sight ; so that it was rarely to be met with, 
even among second-hand booksellers (though often asked 
for), at the very time when no inconsiderable portion of the 
original stock remained Mdth the person who had succeeded 
to the rights of the publisher over the rest of the edition. 

An arrangement having been made, by which the copy- 
right of the portion described in the above title has passed 
into the possession of Messrs. Taylor and Walton, that 
part of the original work has been republished, in the same 
type, and with the same precautions for insuring accuracy, 
as used in the lately published Tables of Logarithms. 

To all who are aware that very many of the instances in 
which calculation is required by the engineer, architect, &c., 
arise out of the necessity of finding, either by direct com- 
putation or by logarithms, those results which will now be 
tabulated and obtained by inspection, nothing need be said 
in favour of the undertaking. To the actuary and money 
calculator the Table of Reciprocals will be found of the highest 
value. 

The work is accompanied by an explanation of the mode 
of using the tables. The subjoined specimen will shew the 
extent of the parts and the arrangement of the whole. 
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Recipr. 

•000 


I90I 
190a 

I90J 


3613801 
3617604 
3611+09 


6 869 S3 5 7'" 
6880681808 
6891541317 


43-6004587 
43-6'.9'49 
43-6133881 


;* 


,91.386 


5160389 
5157614 
515486. 


150+ 


3 6zs»i6 
36190JS 
36j«B36 


69014.. 164 
69.3191615 
69141854.6 


4J'634848S 
436463057 
4]'6S77S99 


1; 


3943089 
3964784 
3986471 


5151101 
5149344 
5146590 


.909 


3636649 

3 64 (H 64 
3644181 


6935089643 
6946005311 
6956931419 


43-6691... 
43-6806593 
43'69i.04S 


I 


400815' 
4019813 
405.488 


5*43838 
5141090 
5*38345 


1910 
191 1 


3648.00 
365.9" 


6 967 87' «» 
697881103. 
6 989 781 518 


43-7035467 
437149B60 
43-7164111 


"• 


4073145 


5135601 
513*861 
5i30'i6 


1913 
19 14 


365936? 
3663396 
3667125 


7OO0 7S5497 
7011739944 
7011735875 


43'7378S54 
43-7491857 
43-7607.19 


'i 


4138070 


5114660 


;?;i 


367.056 
3674*89 
3 67 87 14 


7033743196 
70447611.3 
7055791631 


43-77i'371 
43-7835585 
43-7949768 


\l 


4101918 

4"4S33 
4146119 


51.3764 


1919 
1910 
1911 


368*56. 
3686400 
369014, 


7066834559 
708895196, 


43-8178046 
43-8i9»i40 


" 


4167719 
4189300 
4310875 


51.. 047 
5108333 
5105611 


1911 
1913 

igi4 


3694084 
3697919 


7100019448 
7 III 1.7467 


43-8406104 
43-8510139 
43-8634144 


" 


433144. 
43S400I 
4375SS* 


51019.4 
510010E 
5'97!r5 


IIU 


3705615 
3709476 


7133318115 
7. 44 45° 776 


43-8748119 
43-8861.65 
43-897608, 


II 


4397097 
4418634 
4440,63 


5194805 
5191108 
5.894.4 
5186711 
S '84033 
5 '8 '347 


1918 
1919 
■93° 


3 7. 7' 84 
371.04. 
3714900 


7.6673075* 
7177888089 
7.89057000 


43-9089968 
43-9103815 
43-93.7651 


;; 


446.685 
4483100 
4504707 


1931 
193» 


37*876. 
3731614 
3736489 


7100137491 
7i..4»9S68 
7111633137 


43-943 "45 ' 
43-9S4S"o 


I 


4516106 
4547699 
4569.84 


S 178664 
5175983 


■934 
'935 
1916 


3740356 


7 133 848 sot 
7:145075375 
71563.3856 


43-9886349 
44-0000000 


'•' 


459066. 
46,i,3. 
4633594 


5.70631 
5,67959 
5165189 
5161613 
5'599S9 


■917 
1918 
,939 


375.969 
3755844 
3 75 971. 


7167563953 
7178815671 
7 190099 "9 


44-0.13611 
44-01171,4 
44-0340777 


I 


4655049 
4676497 


'94° 
1941 


3763600 
3767481 
3771364 


7301384000 
73116B0611 
73*3988888 


44-068119. 


" 


47.9370 
4740796 
4761114 


5154639 
5.5,984 


'943 
'944 
■94S 


3775149 
3779136 
3783015 


733530S807 
7 346 640 384 
7357983615 


44-0794737 
44-0908154 

44- .01. 541 


\l 


47 8 3615 


S. 46680 


'94" 

'947 
.948 


37869.6 
3790S09 


7369338536 
7380705.13 
7391083391 


44-.. 34900 
44-1148119 


I 


48478.5 
4S69.97 


5.38746 
5136,07 


■949 
■9SO 


3798601 
J 8015 00 


7403473349 
74'48750oo 


44-1474801 
44"'S8804J 


" 


491,918 
4933*98 


5.30836 
5118105 
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SquTe. 


Cub«. 


Squ-Root. 


CubeaooL 


iwcipr. 
•000 


"95 > 
"9^1 


3 So 64 f 
3810104 
3814109 


7416188351 

7437 71 J 408 
7449 'SO '77 


44-1701156 
44-1814441 

44- .917596 


\l 


4954651 

4975995 


5ii;577 
5'ii95i 
;iio3i8 


'954 


3818116 

3 8i«»| 


746059866+ 
7471058875 
7483530816 


HS 


" 


SiH 


5' 17707 
5. .5090 


Si 

'9« 


181,849 
3833764 
3S37681 


7 49So'4493 

7506509911 
75180.7079 


44*1J799*7 
44-i49»938 
44-1605919 


Ii 


5081611 
5.039.4 

5115108 


5.09861 
S .07151 
510464; 


.,6. 


3 84 '600 
384551' 

3849444 


7519536000 
7J4I066 68. 
7 5S» 609 118 


44-1718871 
44-183.797 
44-1944691 


li 


5 '4649s 
5.6777; 
5189047 


5101041 
5099439 
5096840 


.,6, 
,,6. 


3 8s 13 6, 

3 85 71 96 
3 86 11 u 


7 564 161 347 
7 575 7»9 344 
7587307.15 


44-3057558 
44-3'7o396 
44-3183105 


11 


51103.3 
S»3'57' 

5151811 


5094144 
509.650 


i,6S 


1865.56 
3869089 

3S73014 


7598896696 
76.0498063 


44-3395985 
44-3611460 


11 


5174065 
5195301 
S3'653" 


5086470 
5083884 
508.30. 


1,1, 

i,70 
1,7. 


3876961 
38809™ 
388484' 


7633736109 
7645373000 
76570,1611 


44-3734'SS 
44-3846S10 
44-39S94S7 


\l 


ii;! 


5078710 
5076.41 
5073567 


i,7z 
i,7i 
■,74 


3888784 
3891719 
3896676 


7668681048 
7680354317 
7691038414 


44-4071066 
44-4' 84646 


i; 


540.377 
5411570 

5443757 


5070994 
5068414 
;o6;8;6 


"97S 

.,7< 
",77 


390061; 
3904576 
3908519 


7703734375 
7 7'544»<76 
7 717 161 831 


44-4409710 
44-4S"»'5 
44-463+68I 


" 


5507171 


5065191 
5060719 
;o58i69 


1,71 


1911484 
19.644. 


7738893351 
7750636739 
7761391000 


44-4747 "9 
44-4859518 


'i 


5518430 
5549580 
5570713 


5055611 
5053057 
;o;o;o5 


i,Sl 


391436, 
1918314 
1931189 


7 774 'S9 141 
7 785 938 '68 
7797719087 


44'53''8(8i 


'•' 


5591860 
56.1989 
5634" ■ 


5047956 

5041864 
5040313 
5037781 
5035147 


.,•4 


3936156 
3940115 
3944196 


7809531904 
781134661; 


44- 541.. 49 

44-5533388 


I 


5655116 
5676334 
5697435 


•989 


3948169 

39S"4+ 
3956.11 


78450.1803 
7856861171 
78687*4669 


H^i-iili 


" 


5718519 
57396.5 
5760695 


5031713 
5010181 
5017651 


1990 
1991 




7880399™ 
789148517' 
7904383488 


44-63.8171 

«-643-;r86 
44-654117. 
44-6654118 


;• 


f%f^li^ 


5015.16 
5011601 
;oioo8o 


'993 
1994 

'<M^ 


1971049 
3976036 
3 98 00 15 


7916193657 
79181.5784 
7'I40 149 875 


5887014 


50.756. 
;oi;o4; 
50,153. 


.996 


39840.6 

3988009 


7 9S»095 936 
7964053973 


44-6766.58 
44-6878059 


" 


5908054 
5919078 


50.0010 
500751 1 


'999 


399600. 


798800J999 


44-7101778 
44-7»i3596 


!i 


597 "oi 
5991 "=5 


5001501 



